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PSEUDO-CALABI FLOW
XIUXIONG CHEN AND KAI ZHENG
1. abstract
We first define Pseudo-Calabi flow, as

∂ϕ
∂t
= −f(ϕ),
△ϕf(ϕ) = S(ϕ)− S.
Then we prove the well-posedness of this flow including the short time existence,
the regularity of the solution and the continuous dependence on the initial data.
Next, we point out that the L∞ bound on Ricci curvature is an obstruction to the
extension of the pseudo-Calabi flow. Finally, we show that if there is a cscK metric
in its Ka¨hler class, then for any initial potential in a small C2,α neighborhood of
it, the pseudo-Calabi flow must converge exponentially to a nearby cscK metric.
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2. Introduction
A renowned problem in Ka¨hler geometry is to find a constant scalar curvature
Ka¨hler metric (cscK) in an arbitrary Ka¨hler class. When restricted to the canonical
Ka¨hler class, a cscK metric is nothing but a Ka¨hler-Einstein metric (KE). The cscK
1
2 CHEN AND ZHENG
metric satisfies a (totally nonlinear) 4th order partial differential equation of the
Ka¨hler potential, and the usual variational method is difficult to apply. Calabi
[3][4] suggested to use the heat flow method:
∂ϕ
∂t
= S(ϕ)− S,
which has become known in the literature as the Calabi flow. A critical point of
this Calabi flow is precisely a cscK metric. This flow has been actively studied in
recent years (c.f.[24][12][18][16][17][54]...). However, the remaining technical diffi-
culties are still daunting simply because it is a 4th order flow.
One wonders if we can take ”square root” of the Calabi flow. If so, then it will
become a 2nd order flow and we can reduce it to something we are all familiar with.
What we propose here is a very natural approach (where we call it Pseudo-Calabi
flow): 

∂ϕ
∂t
= −f(ϕ),
△ϕf(ϕ) = S(ϕ)− S.
In the canonical Ka¨hler class, this flow will reduce to the famous Ka¨hler-Ricci
flow. If we start with a metric in general Ka¨hler class, the leading term on the
right hand side is the same as the Ka¨hler-Ricci flow (the logarithm of volume ratio
between the evolving Ka¨hler metrics and the fixed reference metric). However, there
is an additional, unpleasant term, which is 0th order pseudo-differential operator.
It is this additional term which makes things very subtle. Nonetheless, it is crucial
that the cscK metric is the fixed point of the pseudo-Calabi flow. Moreover, in
the space of Ka¨hler metrics equipped with the Calabi gradient metric, the pseudo-
Calabi flow is the gradient flow of the K-energy (see Remark 4.1).
We first prove the following theorem:
Theorem 2.1. If the initial Ka¨hler potential is in C2,α(0 < α < 1), then the flow
exists for short time. More importantly, it becomes smooth right after t > 0.
Following the corresponding work in the Calabi flow ([18]...), we have
Theorem 2.2. The L∞ bound of the Ricci curvature is the obstruction to an
extension of the pseudo-Calabi flow.
In order to make a case that the pseudo-Calabi flow is the right approach, we
need the following stability theorem.
Theorem 2.3. If there is a cscK metric in its Ka¨hler class, then for any initial
potential in a small C2,α neighborhood of it, the pseudo-Calabi flow must converge
exponentially to a nearby cscK metric.
Remark There is an important earlier work in geometric flow which is essential
a variant of this flow. In a very interesting work [50], Simanca considered the so
called “extremal flow” ∂ϕ
∂t
= −Gt(St − πtSt) = F (ϕ), where πt is L2-orthogonal
projection operator onto the space of real holomorphic potentials. In a sense, it is
a slight variation of the “Pseudo-Calabi flow”, which we consider here, by a lower
order term. One of main motivations for such a modification is that fixed points
of the extremal flow S = πS are precisely extremal metrics. We believe that our
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version has a simpler concept and it can also be viewed as a generalization of the
Ka¨hler-Ricci flow to the non-canonical Ka¨hler class, since it agrees with the Ka¨hler-
Ricci flow in the canonical class. Simanca proved the short time existence of the
extremal flow for the G-invariant initial Ka¨hler potentials in the space C(k+1,0) with
the norm ||ϕ|| = supt∈I{sup0≤r≤k+1 ||∂rt v||W 2(k+1−r),2
G
} provided that 2k > n + 2.
First of all, he chose an approximate solution in a small time interval by solving
heat equation with the given G-invariant initial data. Secondly, he used semigroup
method to obtain the solution v of the linearized equation with the coefficient which
is determined by the approximate solution. Thirdly, following Kato’s program in
[39], he defined a map by solving λϕ− F (ϕ) = −v(t) + λ(ϕ0 +
∫ t
0
v(s)ds) for some
real number λ, such that λ−F ′ϕ0 is an isomorphism. Finally, he obtained the fixed
point of this map and solved the extremal flow. It is a nice work indeed. However,
the proof is difficult to comprehend (from the standard PDE point of view), and
our assumption on regularity of initial data is weaker.
Guan [36] defined a modified Ricci flow ∂
∂t
g = −Ric(g) +HRic(g) +LV g where
HRic(g) is the harmonic part of the Ricci form and V is a real holomorphic vector
field. Then he considered the problem of finding generalized quasi-Einstein metrics.
This flow is another complicated variation of the pseudo-Calabi flow. Guan claimed
the short time existence of his flow with C∞(M) initial data by a very brief outline.
We remark that, when M admits no holomorphic vector field, these three flows
coincide. However, the soliton solutions formed under these three flows are differ-
ent. We do believe our flow is the simplest which allow us to focus on the main
challenges which are arisen from the geometric aspects of cscK metrics.
Acknowledgements: The second author would like to thank Professor W. Y.
Ding for constant encouragements over the past several years. He would also like
to thank Professor S. B. Angenent for introducing him his paper [1] and Professor J.
Y. Li, Professor J. Qing, Professor Y. D. Wang, Professor M. J. Zhu and Professor
X. H. Zhu for their helps and encouragements. Thanks also go to ICTP, USTC and
UW-Madison for their hospitality during the time when part of the work was done.
We wish to thank Professor S. Simanca for carefully reading an earlier version
of this manuscript and for his helpful comments.
3. Notations and setup
Let M be a n-dimensional compact Ka¨hler manifold. ω is a Ka¨hler form belong-
ing to a fixed Ka¨hler class Ω. In the local coordinates (z1, z2, · · · zn), we have
ω =
√−1
2
n∑
i=1
gij¯dz
i ∧ dz j¯.
The Rimannian metric corresponding to ω is given by g =
n∑
i=1
gij¯dz
i ⊗ dz j¯ on
TC(M). Written in this form, the metric g is Ka¨hler if and only if
gij = gi¯j¯ = 0 and
∂gij¯
∂zk
=
∂gkj¯
∂zi
.
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The volume form is the (n, n) form
dV = ω[n] =
ωn
n!
= (
√−1
2
)
n
det(gij¯)dz
1 ∧ dz1¯ ∧ · · · ∧ dzn ∧ dzn¯.
For each ω ∈ Ω, the corresponding Ricci form
Ric =
√−1
2
n∑
i=1
Rij¯dz
i ∧ dz j¯ = −
√−1
2
∂∂¯ log(ωn)
is a closed form, in which log(ωn) is generally not a globally defined function on
M . The first Chern class is C1(M) =
[Ric]
π
. The scalar curvature is the contraction
of the Ricci curvature
S = gij¯Rij¯
and the Futaki potential f is the real value solution of
△ϕf = S − S
with
∫
M
efωnϕ = V . Furthermore, since
Sωn = nRic ∧ ωn−1,
we obtain that the average of the scalar curvature is
S =
∫
M
SdV
V
=
1
(n− 1)!V
∫
M
Ric ∧ ωn−1 = Ric[ω]
[n−1]
[ω][n]
=
πC1(M)[ω]
[n−1]
[ω][n]
which only depends on the Ka¨hler class [ω]. The space of Ka¨hler potentials is
defined as
H = {ϕ ∈ C∞(M,R)|ω +
√−1
2
∂∂¯ϕ > 0}.
Donaldson [27], Mabuchi [46] and Semmes [49] defined a Riemannian metric as∫
M
f1f2ω
n
ϕ
for any f1, f2 ∈ TϕH, under which H becomes a non-positive curved infinite di-
mensional symmetric space. Chen [11] proved that any two points in H can be
connected by a C1,1 geodesics and H is a metric space. Later, Calabi and Chen
proved H is negatively curved in the sense of Alexanderof in [6]. The space of
normarlized Ka¨hler potentials is defined as
H0 = {ϕ ∈ C∞(M,R)|ω +
√−1
2
∂∂¯ϕ > 0 and I(ϕ) = 0},
where
I(ϕ) =
n∑
p=0
1
(p+ 1)!(n− p)!
∫
M
ωn−p(∂∂¯ϕ)pϕ.(3.1)
Calabi [5] suggested another metric on H,∫
M
gij¯ϕ f1if2j¯ω
n
ϕ(3.2)
for any f1, f2 ∈ TϕH0. It is computed in Calamai [7] that the Calabi’s gradient
metric on H0 admits a unique Levi-Civita connection.
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The pseudo-Calabi flow is defined as

∂
∂t
gij¯ = −fij¯ ,
g(0) = g0,
in the fixed but arbitrary Ka¨hler class Ω. According to the definition of the Ka¨hler
condition we see that the pseudo-Calabi flow preserves the Ka¨hler condition, i.e.
Theorem 3.1. If g0 is Ka¨hler, then g(t) is Ka¨hler if g(t) satisfies the pseudo-Calabi
flow.
The equation for the Ka¨hler form is:
(3.3)


∂ωϕ
∂t
= −
√−1
2
∂∂¯f,
ωϕ(0) = ω0.
We observe the following:
Theorem 3.2. The pseudo-Calabi flow preserves the Ka¨hler class.
We now show that, when the class Ω is the canonical class, the pseudo-Calabi
flow is just the Ka¨hler-Ricci flow. First, we recall that the Ka¨hler-Ricci flow is
∂gϕij¯
∂t
= λgϕij¯ −Rij¯ ,
where λ is the sign of the first Chern class. Its potential equation is
∂ϕ
∂t
= h+ λϕ− hω,
where hω, the Ricci potential of the background metric, satisfies
Ric(ω)− λω =
√−1
2
∂∂¯hω
with
∫
M
ehωωn = V and
∫
M
e
∂ϕ
∂t
−λϕ+hωωn = V . Next by definition, we have
△ϕf = S − S = −△ϕ(h+ λϕ− hω).
Then the maximum principle implies that f = −h− λϕ+ hω. Finally we conclude
that fij¯ = Rij¯ − λgϕij¯ , i.e. the pseudo-Calabi flow in the canonical class coincides
with the Ka¨hler-Ricci flow.
An observation which is used in the sequel is that the pseudo-Calabi flow can
be written as a pseudo-differential Monge-Ampe`re flow. The potential equation of
our flow is
(3.4)

△ϕ
∂ϕ
∂t
= −△ϕf = −Sϕ + S,
ϕ(0) = ϕ0.
According to [18], we have a decomposition of the scalar curvature as
Sϕ = −△ϕh+ trϕRic(ω),
in which
h = log
ωnϕ
ωn
= log
det(gij¯ + ϕij¯)
det(gij¯)
.
6 CHEN AND ZHENG
Therefore the pseudo-Calabi flow can be rewritten as
(3.5)
∂ϕ
∂t
= −f + c(t) = h− P + c(t),
where
(3.6) △ϕP = trϕRic(ω)− S = gij¯ϕRij¯(ω)− S
under the normalization condition∫
M
ePωn = V.(3.7)
The function P is well defined since we have
∫
M
trϕRic(ω)ω
n
ϕ = S[ωϕ]
[n]. Since the
volume is invariant along the pseudo-Calabi flow, we can choose∫
M
e
∂ϕ
∂t
+Pωn = V.(3.8)
such that c(t) = 0. Note that for any c1(t) and c2(t) defined by two different
normalization conditions, the corresponding solutions of (3.5) with the same initial
data only differ by the constant
∫ t
0
c1(s)− c2(s)ds.
4. Energy functionals
In this section, we assume that ϕ(t) is the C∞(M, g) solution of the pseudo-
Calabi flow. According to Theorem 3.2, we see that the flow keeps the volume
fixed, so the flow can be viewed as some kind of ”normalized” flow. Since the
flow preserves the Ka¨hler class and the average of the scalar curvature S is an
invariant of the Ka¨hler class, S stays constant under the flow. The most important
observation here is that the K-energy is decreasing along the flow, which makes it
reasonable to search for cscK metrics using the pseudo-Calabi flow.
The K-energy is defined by Mabuchi [45] as the following
νω(ϕ) = − 1
V
∫ 1
0
∫
M
ϕ˙(τ)(Sϕ(τ) − S)ωnϕ(τ)dτ(4.1)
where ϕ(τ) is a path from 0 to ϕ.
Theorem 4.1. The K-energy decreases along the pseudo-Calabi flow. Further-
more, the t-derivative of the K-energy achieves zero at some t if and only if ωϕ(t)
is a cscK metric.
Proof. Plugging (3.4) in (4.1), we obtain the derivative of the K-energy along the
flow:
δϕ˙νω(ϕ) = − 1
V
∫
M
ϕ˙(S − S)ωnϕ = −
1
V
∫
M
|∇f |2gϕωnϕ.
So the K-energy decreases along the flow unless ∇f ≡ 0. Hence g(t0) is cscK for
some t0, or g(t) converges to a cscK metric as t tends to infinity if the K-energy is
bounded from below. 
Remark 4.1. Since the derivative of the K-energy at ϕ is
δνω(ϕ) =
1
V
∫
M
gij¯ϕ ϕ˙ifj¯ω
n
ϕ,
we conclude that (3.5) is the gradient flow of the K-energy in the space H0 with
the Calabi’s gradient metric (3.2).
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5. Short time existence of the pseudo-Calabi flow
Let C2,α(M, g) be the completion of the smooth function under the C2,α norm.
It is called little Ho¨lder space in customary literature. We shall show that the
Cauchy problem for the pseudo-Calabi flow,
(5.1)


∂
∂t
ϕ = h− P,
△ϕP = trϕRic(ω)− S,
ϕ(0) = ϕ0,
with the normalization condition (3.7) and (3.8) has a short time solution for any
initial Ka¨hler potential in C2,α(M, g).
The proof of local existence with the C2,α initial data is quite different from the
case of smooth initial data. DaPrato-Grisvard [25], Angenent [1] and some other
mathematicians developed the abstract theory of local existence for the fully non-
linear parabolic equation. They have [25] constructed the continuous interpolation
spaces so that the linearized operator stays in certain class.
We apply their ideas to prove the short time existence.
• We first linearize the fully nonlinear equation at the initial data.
• Next we derive a priori estimates, related to our special solution space, and
apply it to prove the linearized equation has a local solution by using the
contraction mapping theorem.
• Then using Remark 5.3, a key decomposition of the initial data, we derive
the energy inequality. Combining the former inequality with the Sobolev
imbedding theorem and the bootstrap method, we obtain a priori estimates
of the solution to the linearized equation. Thus, the solution exists for all
the time and its C2,α norm is continuous in t.
• Finally we construct a sequence of solutions to the linear approximation
equations, and show that it is a contractive sequence by choosing small
time or small initial data.
Let (x1, · · · , x2n) be the local real coordinate. We fix a background Ka¨hler metric
g ∈ C∞(M, g) in [ω]. Let QT = M × [0, T ] be the time-space. The point and the
distance in QT are denoted by X = (x, t) and d(X,X0) = (d(x, x0)
2 + |t − t0|) 12 ,
respectively. The Ho¨lder spaces on QT are defined as the following:
C1,α(QT ) = C
1+α, 1+α2 (QT ) = {ϕ||ϕ|1+α, 1+α2 = |ϕ|C0(QT ) + |Dxϕ|C0(QT )
+ |Dxϕ|Cα(QT ) + sup
x∈M,t6=s,t,s∈[0,T ]
|ϕ(x, t) − ϕ(x, s)|
|t− s| 1+α2
<∞},
C2,α(QT ) = C
2+α,1+α2 (QT ) = {ϕ||ϕ|2+α,1+α2 = |ϕ|C0(QT ) + |Dxϕ|C0(QT )
+ |Dxxϕ|Cα(QT ) + |Dtϕ|Cα(QT )}.
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The Sobolev spaces are defined as
W q,r(QT ) = {ϕ|[
∫ T
0
(
∫
M
|ϕ|qωn) rq dt] 1r },W q,q(QT ) = Lq(QT ),
W
2k,k
2 (QT ) = {ϕ ∈ L2(QT ) with
∑
0≤|p|+2q≤2k
||DpxDqtϕ||L2(M) <∞},
W
1,0
2 (QT ) = {ϕ|||ϕ||2,QT + ||∇ϕ||2,QT <∞},
V2(QT ) = {ϕ ∈W 1,02 (QT )|||ϕ||V2(QT ) = sup
0≤t≤T
||ϕ(t)||2;M + ||∇ϕ||2,QT <∞}.
We denote
XkT = C
0([0, T ], Ck+2+α(M, g)) ∩ C1([0, T ], Ck+α(M, g))
which equipped with the norm || · ||XkT = max0≤t≤T [||∂t · ||Ck,α + || · ||Ck+2,α ]. We
also denote
X˙kT = C
0([0, T ), Ck+2+α(M, g)) ∩ C1([0, T ), Ck+α(M, g)).
Here, all the derivatives and norms are defined with respect to the background
metric ω. We shall prove the following results.
Theorem 5.1. Suppose that ϕ0 ∈ C2,α(M, g) satisfies λω ≤ ωϕ(0) ≤ Λω for some
positive constants λ and Λ. Then under the normalization conditions (3.7) and
(3.8), the Cauchy problem for the pseudo-Calabi flow (5.1) has a unique solution
ϕ(x, t) ∈ X˙0T ,
where T is the maximal existence time.
Remark 5.1. If in addition ϕ0 ∈ Ck,α(M, g) we obtain ϕ(x, t) ∈ X˙kT .
Theorem 5.2. Let M admits a cscK metric ω. Suppose that ϕ0 ∈ C2,α(M, g)
satisfies λω ≤ ωϕ(0) ≤ Λω for some positive constants λ and Λ. Then for any
T > 0 there exits a positive constant ǫ0(T, g). If |ϕ0|C2,α(M,g) ≤ ǫ0, then the
equation has a unique solution on [0, T ], and
||ϕ||X0
T
≤ Cǫ0,
where C depends on M , g and T . Furthermore ǫ0 goes to zero, as T goes to infinity.
Remark 5.2. The imbedding theorem (5.14) implies that the solutions in both
theorems satisfy Dijϕ ∈ Cα,α2 (M × [0, T )). Then using the equation (5.1) we
obtain ϕ ∈ C2+α,1+α2 (M × [0, T )).
Chen’s conjecture [14] says that a global C1,1 K-energy minimizer in any Ka¨hler
class must be smooth. This conjecture has been proved in the canonical Ka¨hler
class via the weak Ka¨hler-Ricci flow [15][22][23][51]. We hope that the pseudo-
Calabi flow will be the right approach to solve this conjecture. In Subsection 5.5,
we obtain a partial estimates related to this conjecture.
Remark 5.3. For any ϕ0 ∈ C2,α, we can choose a smooth function φ¯ which approxi-
mates ϕ0 in C
2,α norm. Let φ = φ¯− ∫
M
φ¯ωn. Then we replace the reference metric
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ω and ϕ by ω˜ = ω +
√−1
2 ∂∂¯φ and ϕ˜0 = ϕ0 − φ respectively in the equation (5.1),
so that 

∂ϕ˜
∂t
= log
det(g˜ij¯ + ϕ˜ij¯)
det(g˜ij¯)
− P (ϕ˜),
△ϕ˜P (ϕ˜) = gij¯ϕ˜Rij¯(ω)− S,
ϕ˜(0) = ϕ˜0 = ϕ0 − φ ∈ C2,α(M).
It is obvious that ϕ˜+φ gives the solution to the original equation. Here |ϕ˜0|C2,α(M)
could be small enough to be used later. Moreover, we have ω˜ = ω +
√−1
2 ∂∂¯φ > 0,
since ωϕ0 − ω˜ =
√−1
2 ∂∂¯ϕ˜0 is sufficiently small.
Proof. (proof of Theorem 5.1) To prove the theorem we employ the idea of the
inverse function theorem in [2][37] and its adaption to a parabolic equation in
[1][25].
We introduce the following notations
J = [0, T ], E1 = C
2,α(M), E0 = C
α(M),
X = {ϕ ∈ C1(J,E0) ∩ C0(J,E1)|||ϕ||X
= max
[0,T ]
(||∂tϕ||Cα(M) + ||ϕ||C2,α(M)) <∞},
Y = {ψ = (ϕ1, ϕ2) ∈ C0(J,E0)× E1|||ψ||Y
= max
[0,T ]
||ϕ1||Cα(M) + ||ϕ2||C2,α(M) <∞}.
Let U = {ϕ ∈ E1|ωϕ > 0}. Then U is an open subset of E1 and ϕ0 ∈ U . We
define the map Φ from U to Y as the following
Φ : C0(J, U) ∩ C1(J,E0)→ C0(J,E0)× U,(5.2)
ϕ 7→ (∂tϕ− h+ P, ϕ0).
Note that the pseudo term P (ϕ) belongs to C0(J,E0) by Lemma 5.6 which we will
prove below. Moreover, Lemma 5.6 assures Φ is infinite Fre´chet differentiable at
any point of U . Choosing the approximate solution
ϕ¯(t) ≡ ϕ0 on [0, T ],(5.3)
we get
Φ(ϕ¯) = (−h(ϕ0) + P (ϕ0), ϕ0) , (ψ¯, ϕ0) , ψ0.(5.4)
Now we compute the linearized equation in a usual way. Let the variation of ϕ
be
ϕ˙ ,
∂
∂s
(ϕ+ sv)|s=0 = v.
Differentiating both sides of (3.6), we get
△˙ϕP +△ϕP˙ = −vij¯Rij¯(ω).
Thus we obtain
△ϕP˙ = vij¯ [Pij¯ −Rij¯(ω)] = −vij¯Tij¯ .
Here the (1, 1)-tensor
Tij¯ = −Pij¯ +Rij¯(ω)(5.5)
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is a harmonic tensor which is smooth when ϕ ∈ C3. Since Φ is at least C1 Fre´chet
differentiable in U , we get
Φ′(ϕ¯) : C0(J,E1)→ C0(J,E0)× E1,
v 7→ (∂v
∂t
−△ϕ¯v −Q, v0).
Here the function Q satisfies the following equation
△ϕ¯Q = vij¯Tij¯ = −vij¯(Pij¯ −Rij¯(ω))(5.6)
with the normalization condition∫
M
QeP (ϕ¯)ωn = 0(5.7)
by differentiating (3.7). Then Q belongs to C0(J,E0), according to Lemma 5.6.
By using the following Proposition 5.4 for special case ϕ¯ = ϕ0, we deduce that the
linearized operator Φ′(ϕ¯) is a linear isomorphism.
In order to seek a unique solution ϕ satisfying the flow equation Φ(ϕ) = (0, ϕ0),
firstly we introduce the closed ball of C0(J, U) by
B(0, ǫ) = {ρ ∈ C0(J, U)|max
[0,T ]
||ρ||C2,α(M) ≤ ǫ}
for some ǫ determined later. Then for any ρ ∈ B(0, ǫ) we define a map A by
Aρ = [Φ′(ϕ¯)]−1[ψ − Φ(ϕ¯+ ρ)] + ρ.(5.8)
Letting ρ0 = 0, we obtain a sequence by ρn+1 = Aρn inductively. Secondly, we
show that ρn is a contractive sequence. For any ρ1 and ρ2 in B(0, ǫ), we compute
Aρ1 −Aρ2 = [Φ′(ϕ¯)]−1[
∫ 1
0
[Φ′(ϕ¯+ sρ2 + (1− s)ρ1)− Φ′(ϕ¯)](ρ2 − ρ1)]ds.
Since Φ is a C1 map on open subset U , there exists a small constant ǫ such that
||Φ′(ϕ¯+ sρ2 + (1 − s)ρ1)− Φ′(ϕ¯)|| ≤ 1
2||[Φ′(ϕ¯)]−1|| .
Consequently, we obtain
max
[0,T ]
||Aρ1 −Aρ2||C2,α ≤
1
2
max
[0,T ]
||ρ2 − ρ1||C2,α .(5.9)
Moreover, for all T ′ ≤ T , ε is uniform since ||[Φ′(ϕ¯)]−1|| ≥ 1||Φ′(ϕ¯)|| is uniformly
bounded below. Thirdly, we verify that A maps B(0, ε) into itself. By the triangle
inequality and (5.9) we have
max
[0,T ]
||Aρ||C2,α ≤ max
[0,T ]
||Aρ−Aρ0||C2,α +max
[0,T ]
||Aρ0||C2,α
≤ 1
2
ε+max
[0,T ]
||A(0)||C2,α .
To estimate the second term, we use (5.4) and (5.11) to obtain
A(0) = [Φ′(ϕ¯)]−1[(0, ϕ0)− Φ(ϕ¯)] = [Φ′(ϕ¯)]−1(h(ϕ0)− P (ϕ0), 0) ∈ X.
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According to Proposition 5.4, A(0) solves the following equations,

∂v¯
∂t
−△ϕ¯v¯ −Q(v¯) = h(ϕ0)− P (ϕ0) in QT ,
△ϕ¯Q(v¯) = v¯ij¯Tij¯ in QT ,
v¯(0) = 0.
Since v¯ is continuous in t by Lemma 5.33, one could choose a time T2 small enough
such that
max
[0,T2]
||v¯||C2,α(M) ≤
ε
2
.(5.10)
Note that T2 ≤ T , after we replace the time T by T2 in all of the argument
above, both the spaces X , Y , and the mappings Φ and Φ′(ϕ¯) may change. How-
ever the result in Proposition 5.4 and the contraction property of the mapping A
remain valid. Meanwhile, since the injectivity of the linearized operator implies
[Φ′(ϕ¯)]−1T2 [ψ − Φ(ϕ¯)|T2 ] = v¯|T2 , the following inequity holds
max
[0,T2]
||A(0)||C2,α(M) = max
[0,T2]
||[Φ′(ϕ¯)]−1T2 [ψ − Φ(ϕ¯)|T2 ]||C2,α(M) ≤
1
2
ε.
Hence, A is a contractive mapping and it maps B(0, ε) into itself. So the con-
traction mapping theorem implies that there do exists a fixed point ρ ∈ B(0, ε)
such that ψ = Φ(ϕ0 + ρ) ∈ C0(J, U) is a solution of (5.1) on the small lifespan
[0, T2]. Furthermore, we deduce ϕ0 + ρ ∈ U from the equation (5.1). Therefore the
main Theorem 5.1 follows by solving the flow equation with the initial data, given
by the value of the solution at the end of the previous interval, till the maximal
existence time T . 
Remark 5.4. In fact, we can produce the approximate solution by using the follow-
ing Monge-Ampe`re type flow
(5.11)


∂ϕ
∂t
= log
ωnϕ
ωn
− P (ϕ0),
ϕ(0) = ϕ0,
since Cao [8] proved the long time existence of such flow.
Proof. (proof of Theorem 5.2) In order to solve Φ(ϕ) = (0, ϕ0), we only need to
verify the following inequality
max
[0,T ]
||A(0)||C2,α(M) = max
[0,T ]
||[Φ′(0)]−1(0, ϕ0)||C2,α(M) ≤
1
2
ε.
So it suffices to choose ϕ0 such that |ϕ0|C2,α is a small constant depending on T .
Thus, the rest of the proof of Theorem 5.2 follows along the same lines of the rest
of the proof of Theorem 5.1. 
5.1. Continuous dependence on initial data. The continuous dependence on
initial data of solutions is used to study the stability of the pseudo-Calabi flow near
a cscK metric which is the equilibrium solution of this flow.
Theorem 5.3. If φ is a solution of (5.1) for initial data φ0 on [0, T ], then there is
a neighborhood U of φ0 such that (5.1) has a solution ϕ(t) on [0, T ] for any ϕ0 ∈ U
and the mapping ϕ0 7→ ϕ(t) is Ck for k = 0, 1, 2, . . .
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Proof. We derive, substituting ψ = ϕ− ϕ0 into the potential equation (5.1),

∂
∂t
ψ = log
ωnψ+ϕ0
ωn
− P (ψ + ϕ0),
△ψ+ϕ0P (ψ + ϕ0) = trψ+ϕ0Ric(ω)− S,
ψ(0) = 0.
It is obvious that its solution plus ϕ0 gives the solution of (5.1). Analogously to
the mapping (5.2), we define a mapping as
Φ : C1(J,E0) ∩ C0(J, U)× U → C0(J,E0),
(ψ, ϕ0) 7→ ∂tψ − log
ωnψ+ϕ0
ωn
+ P (ψ + ϕ0).
Then we have Φ(φ − φ0, φ0) = 0 and the Fre´chet derivative with respect to ψ at
(φ− φ0, φ0) is given by
Φ′(φ− φ0, φ0) : C1(J,E0) ∩C0(J,E1)× E1 → C0(J,E0),
(v, w) 7→ ∂v
∂t
−△φv −Q(φ).
We apply Remark 5.3 and Proposition 5.4 with ϕ = φ. Hence Φ′(φ− φ0, φ0) is an
isomorphism and the theorem follows from the implicit function theorem. 
5.2. The main proposition. From here on we shall simply write ϕ for both ap-
proximate solutions ϕ¯ and φ. We are going to prove the following proposition for
ϕ; we stress that ϕ may depend on t. Due to Remark 5.3, we can further assume
that ϕ satisfies
max
[0,T ]
|ϕ(t)|C2,α ≤ δ ≪ 1(5.12)
for some δ to be determined later. Generally, we introduce the space
Vδ = {ψ ∈ C0([0, T ], U)|max
[0,T ]
|ψ(t)|C2,α ≤ δ}.(5.13)
Proposition 5.4. Under the normalization condition (5.7) the linearized equation
(5.14)


∂v
∂t
−△ϕv −Q = u(x, t) in QT ,
△ϕQ(v) = vij¯(Rij¯(ω)− Pij¯) in QT ,
v(0) = w,
has a unique solution v(x, t) ∈ X, for any u(x, t) ∈ C0([0, T ], Cα(M)) and w ∈
C2,α(M).
Since the linearized operator is not self-adjoint, we can not use the Fredholm the-
ory directly. In order to prove the Proposition 5.4, we first show that the linearized
equation has a short time solution by using the contraction mapping theorem.
Then we prove that the solution of the linearized equation exists for any t. Before
demonstrating the procedure, we need the following technical lemmas.
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5.3. The technical lemmas. We first deal with the pseudo-differential term P
which satisfies (3.6) and (3.7). The following identity is computed directly.
Lemma 5.5. Suppose that ϕ1 and ϕ2 are two C
2,α Ka¨hler potentials. Let ga =
agϕ2 + (1− a)gϕ1 . We have
△ϕ1(P (ϕ1)− P (ϕ2)) = −
∫ 1
0
gil¯a g
kj¯
a d(ϕ1 − ϕ2)kl¯(Rij¯ − P (ϕ2)ij¯).(5.15)
The regularity of P in the space direction can be improved due to the regularity
of ϕ.
Lemma 5.6. For any ϕ(x, t) ∈ C0([0, T ], U), we have
P ∈ C0([0, T ], C2+α(M))
and
Tij¯ = −Pij¯ +Rij¯(ω) ∈ C0([0, T ], Cα(M)).
Proof. Since ϕ(x, t) ∈ C0([0, T ], U), we have
trϕRic(ω)− S ∈ C0([0, T ], Cα(M)).
It follows directly from the Schauder estimate that
P ∈ L∞([0, T ], C2+α(M)).
Let
gϕ(ts) = sgϕ(t1) + (1− s)gϕ(t2).
Then we plug ϕi = ϕ(ti) for i = 1, 2 in (5.15) to get
△ϕ(t1)(P (t1)− P (t2)) = −
∫ 1
0
g
kj¯
ϕ(ts)
gil¯ϕ(ts)ds(ϕ(t1)− ϕ(t2))kl¯[Rij¯(ω)− P (t2)ij¯ ].
Freezing the coefficient by the fixed metric ω, we get
△(P (t1)− P (t2)) = (△−△ϕ(t1))(P (t1)− P (t2))(5.16)
−
∫ 1
0
g
kj¯
ϕ(ts)
gil¯ϕ(ts)ds(ϕ(t1)− ϕ(t2))kl¯[Rij¯(ω)− P (t2)ij¯ ].
Let f = P (t1)− P (t2). Then the Green representation gives
f −
∫
M
fωn = − 1
V
∫
M
△f ·G(g)(x, y)ωn(y)
which implies
|f −
∫
M
fωn| ≤ δ|D2f |+ C|D2(ϕ(t1)− ϕ(t2))|(5.17)
by condition (5.12). Since the normalization condition (3.7) implies both supM P
and − infM P are nonnegative, we infer that
0 ≤ sup
M
f ≤
∫
M
fωn + δ|D2f |+ C|D2(ϕ(t1)− ϕ(t2))|,
0 ≥ inf
M
f ≥
∫
M
fωn − δ|D2f | − C|D2(ϕ(t1)− ϕ(t2))|.
Then it follows that
−δ|D2f | − C|D2(ϕ(t1)− ϕ(t2))| ≤
∫
M
fωn ≤ δ|D2f |+ C|D2(ϕ(t1)− ϕ(t2))|.
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So by (5.17) we get
|f | ≤ 2δ|D2f |+ C|D2(ϕ(t1)− ϕ(t2))|.
By applying the Schauder estimate to (5.16) again, we deduce that
|f |C2,α(M) ≤ C(δ|D2f |+ |D2(ϕ(t1)− ϕ(t2))|+ |D2(ϕ(t1)− ϕ(t2))|Cα(M)).
Let δ be small enough so that
|f |C2,α(M) ≤ C(|D2(ϕ(t1)− ϕ(t2))|+ |D2(ϕ(t1)− ϕ(t2))|Cα(M)).
Then |P (t)|C2,α is continuous with respect to t, since ϕ ∈ C0([0, T ], U). 
Now we construct a sequence of smooth Ka¨hler potentials approximating ϕ in
C0([0, T ], C2,α(M)).
Lemma 5.7. For any C2,α(M) Ka¨hler potential ϕ0, there exists a sequence of
smooth Ka¨hler potentials ϕn such that
lim
n→∞
|ϕn − ϕ0|C2,α(M) = 0.
Moreover, the corresponding harmonic tensors
lim
n→∞
|Tnij¯ − T0ij¯ |Cα(M) = 0.
Proof. Let φ0 = △ϕ0. We select a sequence of smooth functions φn such that it
converges to φ0 in C
α(M). Let ϕn be the smooth solution of △ϕn = φn with the
normalization condition
∫
M
ϕnω
n = 0. The Schauder estimate implies
|ϕn − ϕ0|C2,α(M) ≤ C(|φn − φ0|Cα(M) + |ϕn − ϕ0|C0(M)).
Meanwhile, the Green representation gives the following L∞ bound of ϕn
|ϕn − ϕ0|C0(M) ≤ C(|φn − φ0|C0(M)).
Then by combining these two estimates, we have ωϕn is a Ka¨hler form and the first
part of the lemma follows. The second part of the lemma follows from Lemma 5.6
by replacing P (t1) and P (t2) with P (ϕn) and P (ϕ0) respectively in (5.16). 
Lemma 5.8. For any ϕ(x, t) ∈ C0([0, T ], U), there exists a sequence of smooth
Ka¨hler potentials ϕn such that
lim
n→∞max[0,T ]
|ϕn − ϕ0|C2,α(M) = 0.
Moreover, the corresponding harmonic tensors satisfy
lim
n→∞max[0,T ]
|Tnij¯ − T0ij¯ |Cα(M) = 0.
Proof. Similar to Lemma 5.7 ϕn ∈ C∞(M × [0, T ]) is obtained. The rest part of
the lemma follows from Lemma 5.6. 
For lacking of maximal principle, the following lemmas play an important role
in solving the linearized equation Q satisfying (5.6) and (5.7). Let Hp0 (M, gϕ) =
{η ∈ Hp(M, gϕ)|
∫
M
ηωnϕ = 0}. Analogously to P , the function Q is characterized
by the following lemmas.
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Lemma 5.9. Suppose that ϕ1 and ϕ2 are two C
2,α Ka¨hler potentials. Let ga =
agϕ2 + (1− a)gϕ1 . We have for any C2 functions v1 and v2
△ϕ1(Q(v1, ϕ1)−Q(v2, ϕ2)) = (−vij¯1 + vij¯2 )(Pij¯(ϕ2)−Rij¯(ω))
− vij¯1 (P (ϕ1)− P (ϕ2))ij¯ −
∫ 1
0
gil¯a g
kj¯
a (ϕ2 − ϕ1)kl¯Q(ϕ2)ij¯da.
Similarly to Lemma 5.6, we have
Lemma 5.10. For any ϕ(x, t) ∈ C0([0, T ], U) and any v ∈ C0([0, T ], C2+α(M)),
we have
Q ∈ C0([0, T ], C2+α(M)).
The following lemma enables us to derive the Lp bound of Q.
Lemma 5.11. Suppose that ϕ ∈ U . For any η ∈ H00 (M, gϕ), let ρ be the solution
of △ϕρ = η given by the Lp theory. Then we have
||ρij¯ ||2;M ;gϕ = ||η||2;M ;gϕ ,
and for all p > 1, there exists
||ρij¯ ||p;M ;gϕ ≤ C||η||p;M ;gϕ .
Proof. We compute for p = 2
||ρij¯ ||2;M ;gϕ =
∫
M
|△ϕρ|2ωnϕ = ||η||2;M ;gϕ .
For p > 2 the lemma follows from the Lp estimate. 
Lemma 5.12. Suppose that ϕ ∈ U . If v ∈ L2(M), then there exists a weak solution
Q ∈ L2(M) of (5.6) in the distribution sense, for any ζ ∈ C∞(M)∫
M
△ϕζQωnϕ =
∫
M
vTij¯ζ
ij¯ωnϕ.
Moreover, for any η ∈ L2(M)∫
M
ηQωnϕ ≤ |T |0;QT ||v||2;M ||η||2;M .
Proof. According to Lemma 5.8 there exist three sequences of smooth ϕn, Tnij¯
and vn such that ϕn → ϕ in C0([0, T ], C2,α), Tnij¯ → Tij¯ in C0([0, T ], Cα) and
vn → v in L2(M). Let Qn be the smooth solution of the equation
△ϕQn = vij¯n Tnij¯ = (vnTnij¯)ij¯
and ρ be the W 2,2(M) solution of
△ϕρ = η − 1
V
∫
M
ηωnϕ.
Note that we have∫
M
η(Qn − 1
V
∫
M
Qnω
n
ϕ)ω
n
ϕ =
∫
M
ρ(vnTnij¯)
ij¯ωnϕ =
∫
M
ρij¯vnTnij¯ω
n
ϕ.
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Then by invoking Lemma 5.11 and the Ho¨lder inequality, we have∫
M
η(Qn − 1
V
∫
M
Qnω
n
ϕ)ω
n
ϕ ≤ ||ρij¯ ||2;M,gϕ ||vnTnij¯ ||2;M,gϕ
≤ C|Tn|0;QT ||η||2;M ||vn||2;M .
It follows that Qn − 1V
∫
M
Qnω
n
ϕ weakly converges to some function Q1 in L
2(M).
Furthermore, since for any ζ ∈ C∞(M)∫
M
△ϕζQnωnϕ =
∫
M
vnTnij¯ζ
ij¯ωnϕ,
after taking the limit we obtain the desired weak solution Q = Q1−
∫
M
Q1e
P (ϕ)ωn
∫
M
eP (ϕ)ωn
∈
L2(M), whence the lemma follows. 
By using the Lp estimate instead of the L2 estimate, we can deduce that
Lemma 5.13. Suppose that ϕ ∈ C0([0, T ], U). If v ∈ Lp(QT ), then there exists a
weak solution Q ∈ Lp(QT ) of (5.6) in the distribution sense, for any ζ ∈ C∞(QT )∫
QT
△ϕζQωnϕdt =
∫
QT
vTij¯ζ
ij¯ωnϕdt.
Moreover, for any η ∈ Lq(QT ) with p, q > 1 such that 1p + 1q = 1, we have∫
QT
ηQωnϕ ≤ C|T |0;QT ||v||p;QT ||η||q;QT .
Now we generalize a priori estimates for parabolic equation in a bounded domain
to an arbitrary Riemannian manifold M . We introduce some function spaces first.
Consider the following space
B([0, t0], C
k,α(M)) = {v(t) ∈ C0(M), ∀t ∈ [0, t0]| sup
[0,t0]
||v||Ck,α <∞}.
Define also
Cα,0(M × [0, t0]) = {v ∈ C0(M × [0, t0])|v(t, ·) ∈ Cα(M), ∀t ∈ [0, t0]};
equip this space with the norm
‖v‖Cα,0(M×[0,t0]) = sup
0≤t≤t0
|v(t)|C2,α(M).
Finally consider the space
C2+α,1(M × [0, t0]) = {v ∈ C2,1(M × [0, t0])|Dtv,Dijv ∈ Cα(M), ∀t ∈ [0, t0]}
endowed with the norm
‖v‖C2+α,1(M×[0,t0]) = ||v||∞ +
n∑
i=1
||Div||∞ + ||Dtv||Cα,0 +
n∑
i,j=1
||Dijv||Cα,0 .
We cite an imbedding Lemma 5.1.1 in Lunardi’s book [44].
Lemma 5.14. (Lunardi [44]) If v ∈ C2+α,1(M × [0, t0]), then Dijv ∈ Cα,α2 (M ×
[0, t0]).
The following optimal regularity theorem in a domain Ω is a part of Theorem
5.1.13 in Lunardi’s book [44] for a linear parabolic equation
ut = a
ijuij + b
iui + cu+ f.(5.18)
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Theorem 5.15. (Lunardi [44]) Let Ω be an open set in Rn of uniformly C2,α
boundary. Let f ∈ UC(Ω¯×[0, t0])∩Cα,0(Ω¯×[0, t0]) be such that f(t, x) = 0 for every
t ∈ [0, t0] and x ∈ ∂Ω. Suppose that the coefficients aij , bi and c belong to Cα(Ω¯)
with 0 < α < 1, and aij satisfies Λ|ξ|2 ≥ aijξiξj ≥ λ|ξ|2 > 0 for any ξ ∈ Rn\{0}.
If u0 ∈ C0(Ω¯), then (5.18) has a unique solution which belongs to C([0, T ] × Ω).
For every ǫ ∈ (0, t0] there is C such that
||u||C2+α,1(Ω¯×[ǫ,t0]) ≤
C
ǫ
α
2+1
(|u0|L∞(Ω¯) + |f |Cα,0(Ω¯×[0,t0])).(5.19)
If also u0 ∈ C2,α(Ω¯), then there exists C′ such that
||u||C2+α,1(Ω¯×[0,t0]) ≤ C′(|u0|C2,α(Ω¯) + |f |Cα,0(Ω¯×[0,t0])).(5.20)
Since M is compact, it can be covered by a finite number of charts {Ωp}. Let
ηp(t) ∈ C∞0 (Ωp) be a partition of unity subordinate to the charts {Ωp}. We assume
u0 ∈ C2,α(Ω¯) and consider the following equation for ηpu
(ηpu)t − aij(ηpu)ij − bi(ηpu)i − cηpu
= f˜ = ηpf − 2aij [(ηp)iu]j − aij(ηp)iju+ biu(ηp)i in Ωp.
Since f˜ |∂Ωp = 0, applying Theorem 5.15 with Ω = Ωp, we have
||ηpu||C2+α,1(Ω¯p×[0,t0]) ≤ C(|u0|L∞(M) + |f˜ |Cα,0(Ω¯p×[0,t0])).
Combining all estimates in each ball and using the Ho¨lder inequality, we obtain
||u||C2+α,1(M×[0,t0]) ≤ C(|u|C0(M×[0,t0]) + |u0|C2,α(M) + |f |Cα,0(M×[0,t0])).(5.21)
For any f ∈ Cα,0(M × [ǫ, t0]) we can choose a smooth sequence fi which converges
to f in Cα,0(M × [ǫ, t0]). Then by the classical existence theory (see [42]), one has
a unique solution ui ∈ C2+α,1+α2 of (5.18) for each fi. The maximum principle
implies that |u|C(M×[0,t0]) has a uniform bound. Consequently, one can derive the
solution of (5.18) from the compactness of ui. The uniqueness of the solution also
follows from the maximum principle. In conclusion, we obtain:
Theorem 5.16. Let f ∈ UC(M × [0, t0]) ∩ Cα,0(M × [0, t0]) and u0 ∈ C2,α(M).
If the coefficients aij, bi and c belong to Cα(M) with 0 < α < 1, and aij satisfies
Λ|ξ|2 ≥ aijξiξj ≥ λ|ξ|2 > 0 for any ξ ∈ Rn\{0}. Then (5.18) has a unique solution
u ∈ C2+α,1(M × [0, t0]) on M , and
||u||C2+α,1(M×[0,t0]) ≤ C(|u0|C2,α(M) + |f |Cα,0(M×[0,t0])).
5.4. Short time existence of the linearized equation. We now prove the short
time existence of the linearized equation by using the contraction mapping theorem.
Since the complex Laplacian is a real operator, we prove all a apriori estimates in
the real coordinates.
Since the coefficients of the leading terms depending on t create some prob-
lems, we freeze these coefficients and analyze the corresponding modified equation
instead. This approach is similar to [32] but more complicated, because of the
pseudo-differential term in our equations.
Before discussing the proof we recall the definition and some features of the heat
kernel on a compact Riemannian manifold (M, g) in [9][48][26][34]. Suppose that
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ρ(λ) ∈ C∞([0,∞)) satisfies {
ρ(λ) = 1, λ < inj(M)4 ,
ρ(λ) = 0, λ > inj(M)2 .
Set ρ(x, y) = ρ(d(x, y)). On M there exists a complete orthonomal basis {fk} of
L2(M), consisting of the eigenfunctions fk of△ with eigenvalues λk. Then the heat
kernel is given by
H(x, y, t) =
∞∑
k=0
e−λktfk(x)fk(y).
Proposition 5.17. ([9][48][26][34]) As t → 0, the heat kernel has an asymptotic
expansion
H(x, y, t) =
1
(2
√
π)n
t−
n
2 exp−
d2(x,y)
4t (ρ
K∑
k=0
tkφk +O(t
K+1)),
where K > n2 + 2. The expression is independent of K, and φk are fixed functions
constructed by Minakshisundaram-Pleijel. The heat kernel has the properties :
(i) ( ∂
∂t
−△x)H(x, y, t) = 0.
(ii) H(x, y, t) is smooth except x = y, positive and symmetric in x and y.
(iii)
∫
M
H(x, y, t)ωn(y) = 1 for any t > 0 and any x ∈M .
(iv) limt→0
∫
M
H(x, y, t)f(y)ωn(y) = f(x) for any f ∈ C0(M).
(v) |H(x, y, t)| ≤ Ct−−n2 e− d
2(x,y)
t ,
|∇xH(x, y, t)| ≤ Ct−
−(n+1)
2 e−
d2(x,y)
t .
In particular, these inequalities imply
|H(x, y, t)| ≤ Ct−βd−n+2β ,
|∇xH(x, y, t)| ≤ Ct−βd−n−1+2β , for some constant C and any β ∈ (0, 1).
(vi) The solution of ∂
∂t
ϕ −△ϕ = f ∈ C0(M × (0, t0]) with ϕ(t = 0) = ϕ(0) ∈
C0(M) is of the form
ϕ(x, t) =
∫
M
H(x, y, t)ϕ(y, 0)ωn(y) +
∫ t
0
∫
M
H(x, y, t− s)f(y, s)ωn(y)ds
on (0, t0]×M .
Consider the modified equation
(5.22)


∂v
∂t
−△v +△v −△ϕv −Q = u(x, t) in QT ,
△ϕQ = vij¯Tij¯ in QT ,
v(0) = w.
Let v˜ = v−w. Then the solution of the original linearized equation is obtained, by
adding w to the solution of the following equations

∂v˜
∂t
−△v˜ +△v˜ −△ϕv˜ −△ϕw − Q˜−W = u(x, t) in QT ,
△ϕQ˜ = v˜ij¯Tij¯ in QT ,
△ϕW = wij¯Tij¯ in QT ,
v˜(0) = 0.
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So we can solve (5.22) with w = 0 instead. Introduce the function space
Z = {v ∈ C2+α,0(M × [0, t0])|v(0) = 0}
with the norm ‖v‖ = sup0≤t≤t0 |v(t)|C2,α(M). We define the following operator:
(5.23) vˆ = T (v) =
∫ t
0
∫
M
H(x, y, t− s){Q+ u−△v +△ϕv}(y, s)ωn(y)ds.
Let f˜ =
∫ t
0
∫
M
H(x, y, t− s)f(y, s)ωn(y)ds.
Lemma 5.18. If f ∈ C0(M × [0, t0]), then
|f˜ |C0(M) ≤ Ct1−β0 sup
0≤t≤t0
|f |C0(M).
Proof. From Proposition 5.17 (v), it follows directly
|
∫ t
0
∫
M
H(x, y, t− s)f(y, s)ωn(y)ds|C0(M)
≤
∫ t
0
∫
M
H(x, y, t− s)ωnds sup
0≤t≤t0
|f |C0(M)
≤ Ct1−β0 sup
0≤t≤t0
|f |C0(M).

Lemma 5.19. T is a map from Z to itself.
Proof. Since v ∈ Z, the Schauder estimate implies Q ∈ C2+α,0(M × [0, t0]). Hence,
we obtain that Tv belongs to C2+α,1(M×[0, t0]) and Tv(0) = 0 from Theorem 5.16.

Lemma 5.20. T is a contraction map.
Proof. We compute for any v1, v2 ∈ Z
|T (v1)− T (v2)|C2,α(M) = |
∫ t
0
∫
M
[H(x, y, t− s){Q(v1)−Q(v2)
+ (△ϕ −△)(v1 − v2)}(y, s)]ωn(y)ds|C2,α(M).
According to Lemma 5.18 and Theorem 5.16, we obtain
|T (v1)− T (v2)|C2,α(M) ≤ C1t1−β0 sup
0≤s≤t0
|Q(v1)−Q(v2)|C2,α(M)
+ C2 sup
0≤s≤t0
|(△ϕ −△)(v1 − v2)|Cα(M).
Since Q(v1)−Q(v2) satisfies
△ϕ[Q(v1)−Q(v2)] = (v1 − v2)ij¯Tij¯ ,
by applying Lemma 5.6 we have that the first term can not exceed
C3t
1−β
0 sup
0≤s≤t0
|v1 − v2|C2,α(M).
By using the following identity
(△ϕ −△)(v1 − v2) = −
∫ 1
0
gkj¯sϕg
il¯
sϕdsϕij¯(v1 − v2)kl¯
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and the condition (5.12), we see that the second term can be estimated as
|(△ϕ −△)(v1 − v2)|Cα(M) ≤ C4δ|v1 − v2|C2,α(M).
Here δ becomes smaller while t0 goes to 0. Adding all these estimates, we have
|T (v1)− T (v2)|C2,α(M) ≤ (C3t1−β0 + C5δ) sup
0≤s≤t0
|v1 − v2|C2,α(M).
Accordingly if t0 and δ are small enough, T is a contraction with constant
1
2 . 
Therefore we get a fixed point v that satisfies Tv = v ∈ Z by the contraction
mapping theorem. Lastly, we check that the fixed point is the solution of (5.22).
Obviously, there holds
v = T (v) =
∫ t
0
∫
M
H(x, y, t− s){Q+ u−△v +△ϕv}(y, s)ωn(y)ds.
So we get v ∈ C2+α,1(M × [0, t0]). Then after differentiating on the both sides, we
obtain that v satisfies (5.14) on [0, t0]×M on account of Proposition 5.17 (vi). As
a result, we conclude that
Theorem 5.21. The linearized equations (5.14) have a local solution v ∈ C2+α,1(M×
[0, t0]) under the normalization condition (5.7).
Remark 5.5. In Kruz˘kov-Kastro-Lopes [40], they proved the following. Suppose
Ω = Rn, f = f1 + f2, f1 ∈ B([0, T ], Cβ), f2 ∈ B([0, T ], Cα), α > β and u(t, x) ∈
B([0, T ], C2,β) is a solution of (5.18); then u ∈ C0,2+β and
sup
[0,t]
|u|C2,β ≤M [sup
[0,T ]
|f1|C2,β +
∫ t
0
(t− τ)α−β2 −1 sup
[0,τ ]
|f2|C2,βdτ ](5.24)
is satisfied for any 0 ≤ t ≤ T . Note that in our linearized equation, u−△v+△ϕv ∈
C0([0, T ], Cα) holds and Q ∈ C0([0, T ], Cγ) for any γ satisfying 1 > γ ≥ α follows
from Lemma 5.10; so their estimate is sufficient in our proof.
In the next subsection, we are going to prove an a priori estimate of the solution
of the linearized equation to make sure that the short time solution of this linearized
equation can be extended to any fixed time t under the condition (5.12) on ϕ.
5.5. A priori estimates of the linearized equation. Suppose v is the solution of
the linearized equations (5.14) under the normalization condition (5.7). Meanwhile,
suppose that ϕ ∈ Vδ (see (5.13)) satisfies
(5.25)


∂ϕ
∂t
= log
ωnϕ
ωn
− P˜ ,
ϕ(0) = ϕ0.
Here P˜ belongs to C0([0, T ], C2+α(M)). In this section, we will prove the following
extension theorem.
Theorem 5.22. For any T > 0, the equation (5.14) with (5.7) has a solution
v ∈ C2+α,1(QT ).
Since our potential ϕ belongs to C0([0, T ], U), Lemma 5.8 implies that there is
a sequence ϕn ∈ C∞(QT ) such that
ϕn → ϕ ∈ C0([0, T ], U).
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In the following lemmas, since the constants in all inequalities do not contain any
derivatives of ϕ more than max[0,T ] |∂tϕ|Cα(M) + max[0,T ] |ϕ|C2,α(M), we omit the
approximation process for convenience.
Lemma 5.23. If v satisfies the following heat equation with the initial data ϕ0

∂v
∂t
−△ϕv = u(x, t) in QT ,
v(0) = w,
then we have
||△ϕv||22;QT ,gϕ ≤ C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ),
where C depends on n,QT , λ0,Λ0 and the moduli of continuity of g
ij¯
ϕ on M .
Proof. Since v˜ = v − w satisfies the following equation with zero initial data
∂v˜
∂t
−△ϕv˜ = u(x, t) +△ϕw in QT ,
by the L2 estimate we obtain
||△ϕv˜||22;QT ,gϕ ≤ C(||v˜||22;QT ,gϕ + ||u+△ϕw||22;QT ,gϕ).

Lemma 5.24. There exists a constant C depending on P˜ such that
1
2
∫
M
|v|2∂tωnϕ ≤ δ||∇ϕv||22;M,gϕ + C||v||22;M,gϕ + δ2||△ϕv||22;M,gϕ .(5.26)
Proof. Using (5.25), we express the left hand side of the inequality in the statement
as
1
2
∫
M
|v|2∂tωnϕ =
1
2
∫
M
|v|2△ϕ(∂tϕ)ωnϕ
=
1
2
∫
M
|v|2△ϕ(log
ωnϕ
ωn
− P˜ )ωnϕ
=
∫
M
|∇ϕv|2 log
ωnϕ
ωn
ωnϕ +
∫
M
v△ϕv log
ωnϕ
ωn
ωnϕ −
1
2
∫
M
|v|2△ϕP˜ωnϕ.
Therefore the lemma follows from the condition (5.12) and the Cauchy-Schwarz
inequality. 
Lemma 5.25. If v is the solution of (5.14), then we have
1
2
∫
QT
|v|2∂tωnϕ ≤ δ||∇ϕv||22;QT ,gϕ
+ C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ)(5.27)
where C depends on n,QT , λ0,Λ0, P˜ , |T |C0(QT ) and the moduli of continuity of gij¯ϕ .
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Proof. By using (5.25), we calculate
1
2
∫
QT
|v|2∂tωnϕ ∧ dt =
1
2
∫
QT
|v|2△ϕ(∂tϕ)ωnϕ ∧ dt
=
1
2
∫
QT
|v|2△ϕ(log
ωnϕ
ωn
− P˜ )ωnϕ ∧ dt
=
∫
QT
|∇ϕv|2 log
ωnϕ
ωn
ωnϕ ∧ dt+
∫
QT
v△ϕv log
ωnϕ
ωn
ωnϕ ∧ dt
− 1
2
∫
QT
|v|2△ϕP˜ωnϕ ∧ dt.
Using the condition (5.12) and the Cauchy-Schwarz inequality we get
1
2
∫
QT
|v|2∂tωnϕ ∧ dt ≤ δ||∇ϕv||22;QT ,gϕ + C||v||22;QT ,gϕ + δ2||△ϕv||22;QT ,gϕ .
By applying Lemma 5.23 to (5.14), we obtain that the right-hand side can be
bounded by terms
δ||∇ϕv||22;QT ,gϕ + C||v||22;QT ,gϕ
+ δ2C(||v||22;QT ,gϕ + ||u+Q||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ ).
Furthermore, Lemma 5.13 gives the bound of the above
δ||∇ϕv||22;QT ,gϕ + C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ).
Therefore the lemma follows. 
Lemma 5.26. If v is the solution of (5.14), then we have
sup
0≤t≤T
||v||2;M,gϕ ≤ C(||u||L2(QT ,gϕ) + ||w||2;M,gϕ + ||△ϕw||2;M,gϕ),(5.28)
where C depends on n,QT , λ0,Λ0, P˜ , |T |C0(QT ) and the moduli of continuity of gij¯ϕ .
Proof. By using (5.14) we calculate
∂t
1
2
∫
M
|v|2ωnϕ =
∫
M
v∂tvω
n
ϕ +
1
2
∫
M
|v|2△ϕ(∂tϕ)ωnϕ
=
∫
M
v(△ϕv +Q+ u)ωnϕ +
1
2
∫
M
|v|2△ϕ(∂tϕ)ωnϕ.
Applying Lemma 5.12 and Lemma 5.24, we get
∂t
1
2
∫
M
|v|2ωnϕ ≤ −||∇ϕv||2M,gϕ + C||v||22;M,gϕ + ||u||22;M,gϕ
+ δ||∇ϕv||2M,gϕ + C||v||22;M,gϕ + δ2||△ϕv||22;M,gϕ
≤ C(t)||v||22;M,gϕ + ||u||22;M,gϕ + δ2||△ϕv||22;M,gϕ .
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Then the Gronwall’s inequality implies
1
2
||v||22;M,gϕ ≤ e
∫
t
0
C(s)ds[
1
2
||v(0)||22;M,gϕ +
∫ t
0
||u||22;M,gϕ + δ2||△ϕv||22;M,gϕds]
≤ C[ 1
2
||w||22;M,gϕ + ||u||22;QT ,gϕ + δ2||△ϕv||22;QT ,gϕ ]
≤ C[ 1
2
||w||22;M,gϕ + ||u||22;QT ,gϕ
+ δ2C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ ].
The last inequality follows from Lemma 5.23. Therefore (5.28) holds, if we choose
δ small enough so that δ2C ≤ 14 . 
Lemma 5.27. If v is the solution of (5.14), then we have
||∇ϕv||22;QT ,gϕ ≤ C(||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ)(5.29)
where C depends on n,QT , λ0,Λ0, P˜ , |T |C0(QT ) and the moduli of continuity of gij¯ϕ .
Proof. Using (5.14) we have
||∇ϕv||22;QT = −
∫ T
0
∫
M
v△ϕvωnϕ ∧ dt =
∫
QT
{−v ∂v
∂t
+ vQ}ωnϕ ∧ dt+
∫
QT
vuωnϕ ∧ dt
= −1
2
[
∫
QT
∂t(|v|2ωnϕ) ∧ dt−
∫
QT
|v|2∂tωnϕ ∧ dt] +
∫
QT
v(Q + u)ωnϕ ∧ dt.
Then applying Lemma 5.13 and Lemma 5.25 we have
||∇ϕv||22;QT ≤
1
2
||w||22;M,gϕ + δ||∇ϕv||22;QT ,gϕ + C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ
+ ||w||22;M,gϕ + ||△ϕw||22;M,gϕ ) + C(||v||22;QT ,gϕ + ||u||22;QT ,gϕ).
Consequently, we get to the following estimate
||∇ϕv||22;QT ,gϕ ≤ C(||u||22;QT ,gϕ + ||w||22;M,gϕ + ||△ϕw||22;M,gϕ),
provided that δ ≤ 12 . 
Proposition 5.28. (Energy inequality)If v is the solution of (5.14), then we have
that v is uniformly bounded in V2(QT );
||v||V2(QT ) = sup
0≤t≤T
||v||2;M + ||∇v||2;QT ≤ C[||w||2;M + ||△ϕw||2;M + ||u||2;QT ],
where C depends on n,QT , λ0,Λ0, P˜ , |T |C0(QT ) and the moduli of continuity of gij¯ϕ .
Proof. One can triangulate g and gϕ at the same time in the normal coordinates
such that gij¯ = δij and gϕij¯ = δij + ϕi¯i. Then we get
1
Λ20
wik¯wki¯ ≤ gij¯ϕ gkl¯ϕ wil¯wkj¯ =
1
1 + ϕi¯i
1
1 + ϕkk¯
wik¯wki¯ ≤
1
λ20
wik¯wki¯,
since λg ≤ gϕ ≤ Λg. Accordingly,
||△ϕw||22;M,gϕ =
∫
M
gij¯ϕ g
kl¯
ϕ wil¯wkj¯ω
n
ϕ
is equivalent to ||△ϕw||22;M,g. Analogously, ||∇v||2;M,gϕ and ||v||2;M,gϕ are equiv-
alent to ||∇v||2;M,g and ||v||2;M,g respectively. As a result we combine (5.28) and
(5.29) with the conclusion above to obtain the energy inequality. 
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We introduce the following imbedding theorem ([42] Page 77). Let m = 2n be
the real dimension.
Theorem 5.29. (Ladyz˘enskaja, Solonnikov and Ural’ceva [42]) If v ∈ V2(QT ), one
has the imbedding estimate
|v|W q,r(QT ) ≤ C|v|V2(QT )
for
C = 2β(r, n, q) + T
1
r V −
1
2+
1
q
and q, r satisfying the relation 1
r
+ m2q =
m
4 with{
r ∈ [2,∞], q ∈ [2, 2m
m−2 ] for m > 2;
r ∈ [2,∞], q ∈ [2,∞] for m = 2.
The Sobolev imbedding theorem states:
Theorem 5.30. (Ladyz˘enskaja, Solonnikov and Ural’ceva [42]) Suppose that v ∈
W 2k,kp (QT ), p ≥ 1,m ≥ 2 and 0 ≤ r + 2s = µ < 2k.
If (2k − µ)p < m+ 2, then DstDrxv ∈ Lq(QT ) for q = (m+2)pm+2−(2k−µ)p ;
if (2k − µ)p > m+ 2, then DstDrxv ∈ Cα(QT ) for α = (2k − µ)− m+2p .
These imbedding theorems and the energy inequality imply the following esti-
mate by the standard bootstrap method.
Lemma 5.31. There exists a positive constant C such that
|v|
C
1+α, 1
2
+α
2 (QT )
≤ C(||w||W 2,p(M) + ||u||p;QT ).
Proof. Owing to the energy inequality, Proposition 5.28, we have v ∈ V2(QT ).
Then the imbedding theorem, Theorem 5.29, implies a uniform Lp(QT ) bound for
p = 2(m+2)
m
i.e.
||v||Lp(QT ) ≤ C||v||V2(QT ).
According to Lemma 5.13 we obtain that Q has uniform Lp(QT ) bound, i.e.
||Q||Lp(QT ) ≤ C||v||Lp(QT ).
Then the parabolic Lp theory tells us v has uniform W 2,1p (QT ) bound; i.e.
||v||W 2,1p (QT ) ≤ C(||v||Lp(QT ) + ||Q||Lp(QT ) + ||u||Lp(QT ) + ||w||W 2,p(M))
≤ C(||v||Lp(QT ) + ||u||Lp(QT ) + ||w||W 2,p(M)).
The Sobolev imbedding theorem, Theorem 5.30, implies
v ∈ Lp1(QT )
for p1 =
(m+2)p
m+2−2p =
2(m+2)
m−4 > p.
Analogously, we get Q ∈ Lp1(QT ) and v ∈ W 2,1p1 (QT ). Repeating the similar
process, we derive pk =
2(m+2)
m−4k > m + 2 for some step k. Then according to the
Sobolev imbedding theorem, Theorem 5.30, we have
v ∈ C1+α, 1+α2 (QT ).
Thus the lemma follows. 
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Proposition 5.32. There exists a positive constant C such that
|v|C2+α,1(QT ) ≤ C(|w|C2,α(M) + sup
[0,T ]
|u|Cα(M)).
Proof. Because of Lemma 5.8 one can select a sequence ϕn ∈ C∞(QT ) and Tnij¯ ∈
C∞(QT ) such that ϕn → ϕ ∈ C0([0, T ], C2,α) and Tnij¯ → Tij¯ ∈ C0([0, T ], Cα). We
omit the standard approximation argument in the sequel of the proof. Since M is
compact, M can be covered by finite number of balls {Bp(2r)} with radii 2r. Let
0 ≤ ηp ≤ 1 be a smooth partition of unity subordinate to the covering {Bp(2r)}.
Since Tij¯ is a harmonic tensor, using (5.6) we have
△ϕQ = [viTij¯ ]j¯ .
Now on each ball B(2r) ∈ {Bp(2r)}, we calculate
△ϕ(ηQ) = [ηviTij¯ ]j¯ − ηj¯viTij¯ +△ϕηQ+ 2∇ϕη∇ϕQ.(5.30)
Then the Schauder estimate for the first derivatives in [35] (Corollary 8.35) provides
us the following estimate
sup
[0,T ]
|ηQ|C1,α(B(r)) ≤ C(sup
[0,T ]
|Q|C0(B(2r)) + sup
[0,T ]
|viTij¯ |Cα(B(2r))
+ sup
[0,T ]
| − ηj¯viTij¯ +△ϕηQ+ 2∇ϕη∇ϕQ|C0(B(2r)).
Combining these estimates on each covering and using the interpolation inequality
for the Ho¨lder space, we obtain
sup
[0,T ]
|Q|C1,α(M) ≤ C(sup
[0,T ]
|Q|0;M + sup
[0,T ]
|v|C1,α(M)).(5.31)
Since ηv satisfies (5.30) on the ball B(2r), the L∞ bound of Q follows from Theorem
8.16 in [35], for some q > n
sup
B2r
|ηQ| ≤ C(||ηviTij¯ ||Lq(B2r) + || − ηj¯viTij¯ +△ϕηQ+ 2∇ϕη∇ϕQ||L q2 (B2r))
≤ C(|v|C1(B2r) + ||Q||L q2 (B2r) + ||∇Q||L q2 (B2r)).
Note that the interpolation inequality for the Sobolev space implies
||∇Q||
L
q
2 (B2r)
≤ ǫ||Q||
W
2,
q
2 (B2r)
+ C(ǫ)||Q||
L
q
2 (B2r)
;
moreover, the Lp estimate of (5.6) gives that
||Q||
W
2,
q
2 (B2r)
≤ C(||Q||
L
q
2 (M)
+ |v|C2(M)).
Combining the above estimates, we infer that
max
M
|Q| ≤
∑
q
max
Bq(2r)
|ηqQ| ≤ C(|v|C1(M) + ||Q||L q2 (M) + ǫ|v|C2(M)).(5.32)
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Plugging Lemma 5.31 and (5.31) in Theorem 5.16 we obtain
sup
[0,T ]
|∂tv|Cα(M) + sup
[0,T ]
|v|C2,α(M)
≤ C(sup
[0,T ]
|Q|Cα(M) + |w|C2,α(M) + sup
[0,T ]
|u|Cα(M))
≤ C(sup
[0,T ]
|Q|0;M + sup
[0,T ]
|v|C1,α(M) + |w|C2,α(M) + sup
[0,T ]
|u|Cα(M))
≤ C(sup
[0,T ]
|Q|0;M + |w|C2,α(M) + sup
[0,T ]
|u|Cα(M)).
Then (5.32) gives the bound of the right-hand side
C(ǫ sup
[0,T ]
|v|C2(M) + |w|C2,α(M) + sup
[0,T ]
|u|Cα(M))
which implies the estimate of v
sup
[0,T ]
|∂tv|Cα(M) + sup
[0,T ]
|v|C2,α(M) ≤ C(|w|C2,α(M) + sup
[0,T ]
|u|Cα(M))(5.33)
provided Cǫ < 12 . 
Proof. (proof of Theorem 5.22) Now we complete our proof of Theorem 5.22 by
contraction. If the time of existence cannot be extended beyond some t0 < T ,
then the C2,α norm must blow up at time t0. This contradicts the a priori C
2,α
estimates, Proposition 5.32, we derived. 
Finally we consider the time regularity of the solution.
Lemma 5.33. Let w ∈ C2,α and u ∈ C0([0, T ], C2,α). Then the solution of (5.14)
stays in
C0([0, T ], C2,α) ∩ C1([0, T ], Cα).
Proof. Choose two sequences wn ∈ Cα+ǫ(M) and un ∈ C0([0, T ], Cα+ǫ(M)) for
0 ≤ ǫ < 1− α such that
wn → w ∈ Cα(M) and un → u ∈ C0([0, T ], Cα(M)).
According to Theorem 5.21 and the estimate (5.22), for each n there exits a solution
vn ∈ C2+α+ǫ,1(M × [0, T ]) of the linearized equation

∂v
∂t
−△ϕv −Q(v) = un in QT ,
△ϕQ(v) = vij¯Tij¯ in QT ,
v(0) = wn.
It is directly verified that vn ∈ C0([0, T ], C2,α) ∩ C1([0, T ], Cα). Moreover, (5.22)
implies for any t, s ∈ [0, T ],
sup
[0,T ]
|vm − vn|C2,α(M) ≤ C(|wm − wn|C2,α(M) + sup
[0,T ]
|um − un|Cα(M)).
From this we immediately conclude that vn is a Cauchy sequence in C
0([0, T ], C2,α).
Hence we obtain v ∈ C0([0, T ], C2,α) and the lemma follows from (5.14). 
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5.6. Regularity of the pseudo-Calabi flow. We start with recalling an interior
regularity theorem for the linear equation in [42] and [43]. Let Q = M × (T1, T2)
and Q′ =M × (T3, T4) ⊂ Q, where 0 < T1 < T3 < T4 < T2.
Theorem 5.34. (Lp interior estimate [42][43]) Let u ∈W k+2,ploc (Q) for some p ≥ 2
be the solution of the linear equation (5.18) that satisfies the following conditions
aijξiξj ≥ λ|ξ|2 > 0 for any ξ ∈ Rn\{0},
|aij |Wk,∞(Q) + |bi|Wk,∞(Q) + |c|Wk,∞(Q) ≤M
and
|aij(X)− aij(Y )| = ω( |X − Y |
d(X,Y )
)
for some positive constants λ and M and a positive, continuous, increasing function
ω with ω(0) = 0. Then for any T3 − T1 > ǫ we have
|u|Wk+2,p(Q′) ≤ C(k + 2, n, p, λ,M, ǫ)(|u|Lp(Q) + |f |Wk,p(Q)).
Consider the linear parabolic equation of divergence form
ut = g
pq¯upq¯ + b
iui + cu+ f.(5.34)
Here gpq¯ is a Ka¨hler metric and gij for 1 ≤ i, j ≤ 2n is the corresponding J-invariant
Riemannian metric. Similarly to Theorem 5.16, we can generalize the first part of
Theorem 5.15 on a Riemannian manifold M .
Theorem 5.35. Let f ∈ UC(M × [0, t0]) ∩ Cα,0(M × [0, t0]) and u0 ∈ C0(M). If
the coefficients gij, bi and c belong to Cα(M) with 0 < α < 1, and gij¯ satisfies
Λ|ξ|2 ≥ gijξiξj ≥ λ|ξ|2 > 0 for any ξ ∈ Rn\{0}. If u0 ∈ C0(M), then (5.34) has
a unique solution which belongs to C([0, T ] × Ω). For every ǫ ∈ (0, t0] there is a
constant C such that
||u||C2+α,1(M×[ǫ,t0]) ≤ C(ǫ)(|u0|C0(M) + |f |Cα,0(M×[0,t0])).
Denote QTǫ =M × [ǫ, T ] where 0 < ǫ < T ; we have the following result.
Proposition 5.36. The C2,1(QTǫ) ∩ C0([ǫ, T ], C2(M)) solution of the pseudo-
Calabi flow belongs to
C0([ǫ, T ], C2+α(M)) ∩ C1([ǫ, T ], Cα(M)).
Proof. Since we assume ϕ ∈ C2(QTǫ), applying the Lp estimate to the equation
(3.6) with the normalization condition (3.7), we have for any 1 < p <∞
P ∈ C0([ǫ, T ],W 2,p(M)).
Then the embedding theorem implies that P belongs to C0([ǫ, T ], C1,α(M)).
In order to obtain a higher regularity, we consider the equation in a coordinate
chart (U, xk) for 1 ≤ k ≤ 2n, and select a direction ek = ∂∂xk in the tangent space
TRM . We define the difference quotient of ϕ at x in the direction ek as
ϕρ =
ϕ(x + ρek, t)− ϕ(x, t)
ρ
.
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Taking the difference quotients of both sides of the equation (5.1), we obtain
∂ϕρ
∂t
=
h(x+ ρek, t)− h(x, t)
ρ
+
P (x+ ρek, t)− P (x, t)
ρ
(5.35)
=
log
ωnϕ
ωn
(x+ ρek, t)− log ω
n
ϕ
ωn
(x, t)
ρ
+
P (x+ ρek, t)− P (x, t)
ρ
=
1
ρ
log
ωnϕ(x+ ρek, t)
ωnϕ(x, t)
− 1
ρ
log
ωn(x+ ρek, t)
ωn(x, t)
+ ∂kP (x+ ϑek, t).
We can see that the second term is smooth and the third term belongs to C0(QTǫ).
Now we deal with the first term. In the local coordinate chart (U, xk) for 1 ≤
k ≤ 2n, we can choose some smooth real valued function ψ such that ω =
√−1
2 ∂∂¯ψ.
Then the first term can be expressed as
1
ρ
log
ωnϕ(x+ ρek, t)
ωnϕ(x, t)
=
1
ρ
log
det(gij¯ + ϕij¯)(x+ ρek, t)
det(gij¯ + ϕij¯)(x, t)
=
1
ρ
∫ 1
0
∂
dθ
log det(gθij¯)dθ
=
∫ 1
0
g
ij¯
ϕθdθ(ϕρ + ψρ)ij¯ ,
where gϕθ = θgϕ(x+ ρek, t) + (1− θ)gϕ(x, t) and ψρ = ψ(x+ρek,t)−ψ(x,t)ρ . Since
aij =
∫ 1
0
g
ij¯
ϕθdθ ∈ C0(QTǫ)
is uniformly elliptic and ∂kP ∈ C0(QTǫ), Proposition 5.34 implies
ϕρ ∈W 2,p(QTǫ)
for any p > 1. After letting ρ → 0, we get ∂ϕ
∂xk
in W 2,p(QTǫ). The imbedding
theorem further implies ∂ϕ
∂xk
∈ C1,α(QTǫ). So we have
ϕ ∈ C0([ǫ, T ], C2+α(M)).
Since P ∈ C0([ǫ, T ], C1,α(M)), by using the equation (5.1) we have
∂tϕ ∈ C0([ǫ, T ], Cα(M)).
Hence the proposition follows. 
Proposition 5.37. The C0([ǫ, T ], C2+α(M)) ∩ C1([ǫ, T ], Cα(M)) solution of the
pseudo-Calabi flow equation belongs to C∞(M × [2ǫ, T ]).
Proof. Lemma 5.6 implies P ∈ C0([ǫ, T ], C2+α(M)). Then we have
∂kP ∈ C0([ǫ, T ], Cα(M)) and aij ∈ C0([ǫ, T ], Cα(M)).
We consider the equation by freezing the coefficient of (5.35),
∂ϕρ
∂t
= △ϕρ + (
∫ 1
0
g
ij¯
ϕθdθ − gij¯)ϕρij¯ +
∫ 1
0
g
ij¯
ϕθdθψρij¯(5.36)
− 1
ρ
log
ωn(x+ ρek, t)
ωn(x, t)
+ ∂kP (x+ ϑek, t).
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Therefore, we obtain ∂kϕ ∈ C0([ǫ, T ], C2,α(M)) by Theorem 5.36 and the condition
(5.12) in each coordinate chart (U, xk). Moreover, by using (5.35) we deduce that
∂tϕ ∈ C0([ǫ, T ], C1,α(M)).
Repeating the same process again and again, we have
ϕ ∈ C0([ǫ
q∑
p=0
1
2p
, T ], Cq+2,α(M))
for any q = 1, 2, · · · . Then taking the derivative of (5.1) with respect to variable t,
we have ϕ ∈ C2([2ǫ, T ], C∞(M)). By iteration of this procedure, the proposition
follows. 
Since ǫ can be arbitrarily small, we have the following theorem.
Theorem 5.38. The C0([0, T ], C2+α(M))∩C1([0, T ], Cα(M)) solution of the pseudo-
Calabi flow equation in fact belongs to C∞(M × (0, T ]).
Remark 5.6. The proof still holds if one uses the estimate (5.24) instead of Theo-
rem 5.15.
6. Long time existence of the pseudo-Calabi flow
In this section we shall use Ci for i = 1, 2, · · · to distinguish different generic
constants.
Theorem 6.1. Let T be a finite time. If gϕ(t) is a solution of the pseudo-Calabi
flow with Ricϕ(t) uniformly bounded for all time t ∈ [0, T ], then the pseudo-Calabi
flow can be extended past the time T .
Proof. Because of the short time existence theorem, we know that the pseudo-
Calabi flow can be restarted at time T if the solution then belongs to C2,α(M).
Theorem 6.1 will thus follow from the a priori estimates that we shall present in
Proposition 6.8. 
Lemma 6.2. Suppose that along the pseudo-Calabi flow, there holds
∫ t
0
Sϕ(t)dt ≥
−C1 for some constant C1. Then there exists a constat C2 depending on C1, T and
supM log
ωnϕ0
ωn
such that
sup
M
h ≤ C2.
Proof. Since the t integral of the scalar curvature is uniformly bounded below, and
∂th = △ϕ∂tϕ = −Sϕ + S,
then supM h ≤ C1 + supM h(0). 
Denote the average of ϕ with respect to ω by ϕ =
∫
M
ϕωn.
Lemma 6.3. There exists a constant C3 such that
sup
M
(ϕ− ϕ) ≤ C3.
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Proof. Since △ϕ+ n > 0, ∀t ≥ 0, using the Green representation we have
ϕ(x) − ϕ = − 1
V
∫
M
△ϕ(y)G(x, y)ωn(y)
≤ n 1
V
∫
M
G(x, y)ωn(y).
Since 0 ≤ G(x, y) ≤ C4
d(x,y)2n−2 , we have
sup
M×[0,T ]
(ϕ− ϕ) ≤ C3 = n 1
V
∫
M
G(x, y)ωn(y).

The lower bound of the normalized potential is obtained by Yau’s C0 estimate.
Theorem 6.4. (Yau [55]) The lower bound of ϕ − ϕ is controlled by the upper
bound of h,
inf
M
(ϕ− ϕ) ≥ −C5eC6 supM h.(6.1)
Here C5 and C6 depend only on ω and supM (ϕ− ϕ).
Theorem 6.5. (Chen-Tian [20]) Suppose Ricϕ is bounded from below, then
inf
M
h ≥ −4C7e2(1+
∫
M
hωnϕ).(6.2)
Combining Lemma 6.2 and (6.2), we get the uniform bound of h:
sup
M
|h| ≤ C2 + 4C7e2(1+C2V ).(6.3)
We deduce the lower bound of the average of ϕ by the normalization condition.
Lemma 6.6. The following estimate holds
inf
[0,T ]
ϕ ≥ ϕ(0) + T inf
M
h.
Proof. Due to the normalization condition
∫
M
ePωn = V ol, we apply the Jensen’s
inequality to get ∫
M
Pωn ≤ 0.
So we obtain
∂
∂t
ϕ =
1
V
∫
M
∂ϕ
∂t
ωn =
1
V
∫
M
(h− P )ωn ≥ inf
M
h.
Similarly, we get
∫
M
hωn ≤ 0 since ∫
M
ehωn = V . Therefore the lemma follows
from infM h ≤ 0. 
Plugging the above lemma and Lemma 6.3 in (6.1), we get
inf
M
ϕ ≥ −C5eC6 supM h + ϕ(0) + T inf
M
h.
Then by (6.3) we have that ϕ is uniformly bounded below. On the other hand (6.1)
further implies that for a fixed point p ∈M
ϕ ≤ inf
M
ϕ+ C5e
C6 supM h ≤ ϕ(p) + C5eC6 supM h.
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So the upper bound of ϕ follows from Lemma 6.3, i.e.
sup
M
ϕ ≤ ϕ+ C3.
Theorem 6.7. (Chen-He [18]) Suppose that the Ricci curvature Ricϕ is uniformly
bounded above. Then there exist two constants C8 and C9 such that
n+△ϕ ≤ C8eC9·OscM ϕ+
supM h
n−1 .
Working with normal coordinates, we have
1
1 + ϕi¯i
=
∏
j 6=i(1 + ϕjj¯)∏
i(1 + ϕi¯i)
≤ (n+△ϕ
n− 1 )
n−1e−h ≤ C10eC11OscM ϕ+OscM h.
So the metrics are all equivalent, that is
C10e
−C11OscM ϕ−OscM hgij¯ ≤ gϕij¯ ≤ C8eC9OscM ϕ+
supM h
n−1 gij¯ .
By the Ricci curvature bounds
−C1gϕij¯ ≤ Rϕij¯ ≤ C2gϕij¯,
we have that △h is bounded; namely
−C2(n+△ϕ) + S ≤ △h = −gij¯Rϕij¯ + S ≤ C1(n+△ϕ) + S.
This together with the fact that supM×[0,T ] |h| ≤ C implies that h ∈ W 2,p(M) for
any p > 1 and t ∈ [0, T ]. Then the Evans-Krylov estimate [33][41] shows that ϕ has
uniform C2,α bound. The argument we made so far is summarized in the statement
here below.
Proposition 6.8. Let T be a finite time. If gϕ(t) is a solution of the pseudo-
Calabi flow with Ricϕ(t) uniformly bounded for all time t ∈ [0, T ], then there exists
a constant C depending on T such that sup[0,T ] |ϕ(t)|C2,α ≤ C for some 0 < α < 1.
7. Pseudo-Calabi flow in the space of Ka¨hler metrics
Suppose that ϕ(t) for 0 ≤ t < T is the solution of (3.4) given by Theorem 5.1
and T is the maximal existence time. In this section, we consider the following
system of equations,
(7.1)


∂
∂t
ψ = log
ωnψ
ωn
− P (ψ)− h¯+ P¯ ,
△ψP (ψ) = trψRic(ω)− S,
ψ(0) = ϕ0,
with the normalization condition∫
M
ePωn =
∫
M
e
∂ψ
∂t
+P+h¯−P¯ωn = V ol(M).
Here h¯ = 1
V
∫
M
log
ωnψ
ωn
ωnψ and P¯ =
1
V
∫
M
P (ψ)ωnψ. Actually (7.1) is obtained by
replacing ϕ with
ψ = ϕ+
∫ t
0
(−h¯+ P¯ )ds
in (3.5). Since ∂tI(ψ) =
∫
M
∂tψω
n
ϕ = 0 (see (3.1)), if we further assume I(ϕ0) = 0
then ψ always stays in H0.
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We assume thatM admits a cscK metric ω. We choose ω as the reference metric.
Then we shall show that if ϕ0 is in a sufficiently small neighborhood of the zero
function, then ϕ(t) can be extended and ωϕ always stays in a small neighborhood
of ω. Before we go into the details of the proof, we cite the theorems we will use
later.
Recall the explicit form of K-energy in Chen [10] and Tian [52]
νω(ϕ) =
1
V
∫
M
log
ωnϕ
ωn
ωnϕ +
S
V
n∑
i=0
n!
(i+ 1)!(n− i)!
∫
M
ϕωn−i ∧ (∂∂¯ϕ)i
− 1
V
n−1∑
i=0
n!
(i + 1)!(n− i− 1)!
∫
M
ϕRic ∧ ωn−1−i ∧ (∂∂¯ϕ)i.
So the K-energy is well defined for any L∞ Ka¨hler metrics. Its derivative is
ν′ω(v) =
∫
M
log
ωnϕ
ωn
△ϕvωnϕ −
1
(n− 1)!
∫
M
vRic(ω0) ∧ ωn−1ϕ + S
∫
M
vωnϕ.
Here v is the infinitesimal variation of ϕ.
Chen-Tian further proved that
Theorem 7.1. (Chen-Tian [22]) Let M be a compact Ka¨hler manifold with a cscK
metric ω. Then νω(ϕ) ≥ 0 for any ϕ with ωϕ > 0.
They also proved the uniqueness of the extremal metrics.
Theorem 7.2. (Chen-Tian [22]) Let (M, [ω]) be a compact Ka¨hler manifold with
a Ka¨hler class [ω] ∈ H2(M,R) ∩H1,1(M,C). Then there is at most one extremal
Ka¨hler metric with Ka¨hler class [ω] modulo holomorphic transformations. Namely,
if ω1 and ω2 are two extremal Ka¨hler metrics with the same Ka¨hler class, then there
is a holomorphic transformation σ such that ω1 = σ
∗ω2.
7.1. M admits no holomorphic vector field. Suppose that ϕ is the solution of
(7.1) and T is the time when
|ϕ|C2,α ≤ ǫ1 for all t ∈ [0, T ].(7.2)
Letting t0 be a small time, we apply Theorem 5.38 to obtain the higher order
uniform bound of ϕ; namely
|ψs|Ck,α(M) ≤ C(k, ǫ1, g, t0) for all t ∈ [T − t0, T + t0].
Then we introduce the space
S = {ϕ||ϕ|C2,α ≤ ǫ1; |ϕ|Ck,α(M) ≤ C(k, ǫ1, g, t0)}.
Clearly, 0 ∈ S. In this subsection we are going to prove the following theorem.
Theorem 7.3. Assume M admits a cscK metric ω and has no holomorphic vector
fields. For any ǫ1 > 0, there exits ǫ0 > 0 such that if |ϕ0|C2,α(M) ≤ ǫ0, the lifespan
of the solution is T =∞ and we have that |ψ(t)|2,α < ǫ1 for all t ∈ [0,+∞).
Proof. Suppose that the conclusion fails, then there must exist a sequence of initial
data ϕ0s such that
|ϕ0s|C2,α ≤
1
s
.
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By virtue of the short time existence Theorem 5.1, we get a sequence of solutions
ψs(t) satisfying the equations (7.1) with ψs(0) = ϕ
0
s. Let Ts be the first time that
|ψs(Ts)|C2,α = ǫ1 and |ψs(t)|C2,α < ǫ1 on [0, Ts).(7.3)
According to Theorem 5.3, we have that infs Ts > 0 uniformly and there is a
uniformly small time t0 such that
|ψs|C2,α(M) ≤ C(ǫ1, t0), ∀t ∈ [Ts − t0, Ts + t0].
Moreover, from the regularity Theorem 5.38, we obtain the higher order uniform
bound of the sequence of the solutions
|ψs|Ck,α(M) ≤ C(k, ǫ1, g, t0), ∀t ∈ [Ts −
t0
2
, Ts +
t0
2
].(7.4)
Therefore we can choose a subsequence of φs = ψs(Ts); we use the same index for
convenience, so that
φs → φ∞ in Ck,α, ∀k ≥ 0.
Since (7.3) still holds in the limit, we have
|φ∞|C2,α = ǫ1.(7.5)
Note that the K-energy is well defined along ψs(t). By using Theorem 7.1 and the
decrease of the K-energy along the flow, we conclude that
0 ≤ νω(φs) ≤ νω(ψs(0)) ≤ C
s
which implies
lim
s→∞ νω(ψs) = νω(ψ∞) = 0.
So Theorem 7.2 implies that φ∞ = const. Furthermore from I(φ∞) = 0, we deduce
that φ∞ = 0. This contradicts (7.5). 
Since |ψ(t)|C2,α ≤ ǫ1 is uniformly bounded, we have that |ψ(t)|Ck ≤ Ck for any
k ≥ 3 away from t = 0. Similarly to the argument above, for any sequence ti we
can extract a subsequence (still denoted by ψti) such that ψ(tj) converge to a limit
function ψ∞ in C∞ norm. Also the limiting metric ωψ∞ is a cscK metric. Since
we assume that M admits no holomorphic vector field, according to Theorem 7.2
we deduce that ψ∞ = 0 from the normalization condition I(ψ∞) = 0. Therefore
the pseudo-Calabi flow converges to the original cscK metric, since ti is chosen
randomly. In conclusion, the picture in the space of Ka¨hler metric H0 is that the
pseudo-Calabi flow will shrink to the unique cscK metric if the initial potential is
close around it.
7.2. M admits holomorphic vector fields. WhenM admits holomorphic vector
fields, the contradiction argument is much more sophisticated. We denote the subset
of H0 that contains the potentials of all cscK metrics by
E0 = {ρ ∈ C∞(M,R)|σ∗ω = ω +
√−1
2
∂∂¯ρ and I(ϕ) = 0 for any σ ∈ Aut0(M)}.
Mabuchi [46] proved that it is a finite-dimensional totally geodesic submanifold in
H0. Then for each ϕ ∈ H0, there exists a unique ρ that minimizes the distance
from ϕ to H0, i.e.
dist(ϕ, ρ) = dist(ϕ,E0).
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Meanwhile there is a σ ∈ Aut0(M) such that σ∗ωϕ = ω +
√−1
2 ∂∂¯(ϕ(σ) + ρ) ∈ [ω].
We assume ψ(0) stays in the complement of H0; otherwise the flow keeps fixed.
Furthermore we can assume that ρ0 = 0; if not, we can replace the background
metric ω with ωρ0 .
Lemma 7.4. There exists a small constant ǫ and a positive constant C2 such that
if ρ satisfies d(0, ρ) ≤ ǫ, then |ρ|C3,α ≤ C2ǫ.
Proof. In the Riemannain manifold E0, any small ǫ neighborhood near ρ = 0 can
be pulled back by the exponential map exp0 to the tangent space T0(E0) near 0.
Denote ψ = exp−10 (ρ). Note that all norms on a finite-dimensional vector space are
equivalent, so the norm induced by the distance on T0(E0) is equivalent to the C
3,α
norm (here the point in T0(E0) is also a function on M). So d(0, ρ) ≤ ǫ implies that
|exp−10 (ρ)|C3,α is bounded by C1ǫ. Furthermore, let ǫ be small enough such that ψ
is a diffeomorphism in the ǫ neighborhood near ρ = 0; then there exists a constant
C2 such that |ρ|C3,α ≤ C2ǫ. Hence this lemma follows. 
Remark 7.1. In fact, we can improve the above conclusions in Lemma 7.4 for Ck
of any fix k ≥ 0.
Lemma 7.5. Suppose that |ϕ|C2,α ≤ ǫ1 for some small constant ǫ1 depending on ǫ.
Then there exists a constant C depending on ǫ1 such that |ρ|C3,α ≤ C and |σ|h ≤ C.
Here h is the left invariant metric in Aut(M).
Proof. we define a path by γt = tϕ − I(tϕ) ∈ E0 for 0 ≤ t ≤ 1. It is obvious that
this path stays in H0. Then since |ϕ|C2,α ≤ ǫ1, we have
d(0, ϕ) ≤ L(γt) =
∫ 1
0
(
∫
M
(
∂γt
∂t
)2ωnγt)
1
2 dt
=
∫ 1
0
(
∫
M
(ϕ− ∂tI(tϕ))2ωnγt)
1
2 dt ≤ C3ǫ1.
Moreover, since ρ realizes the shortest distance from ϕ to H0, by using the triangle
inequality we obtain
d(0, ρ) ≤ d(0, ϕ) + d(ϕ, ρ)
≤ 2d(0, ϕ) ≤ C3ǫ1.(7.6)
Applying Lemma 7.4 with ǫ = C3ǫ1 we have |ρ|C3,α ≤ C2C3ǫ1. Furthermore, from
Lemma 4.6 in Chen-Tian [21], we obtain |σ|h is also bounded. Here h is the left
invariant metric in Aut(M). Therefore the lemma holds for some constant C. 
Now we prove the invariance of the K-energy.
Lemma 7.6. ν(ω, ω(σ−1)∗(ϕ−ρ)) = ν(ω, ωϕ).
Proof. Since the K-energy is invariant under the holomorphic transformation, we
get
ν(ω, ω(σ−1)∗(ϕ−ρ)) = ν(σ
∗ω, ωϕ) = ν(ωρ, ωϕ).
Then the 1-cocycle condition of the K-energy (Theorem (2.4) in [45]) gives
ν(σ∗ω, ωϕ) = ν(ωρ, ω) + ν(ω, ωϕ).
Since both ω and ωρ are cscK metrics, the lemma follows from ν(ωρ, ω) = 0. 
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Lemma 7.7. For any ǫ > 0, There exists a small constant o such that for any
ϕ ∈ S, if νω(ϕ) ≤ o, then |(σ−1)∗(ϕ− ρ)|C2,α < ǫ.
Proof. If the conclusion fails, we assume there is a sequence ϕs with
|ϕs|C2,α(M,g) ≤ ǫ1, |ϕ|Ck,α(M) ≤ C(k, ǫ1, g, t0), and νω(ϕs) ≤
1
s
such that
(7.7) |(σ−1s )∗(ϕs − ρs)|C2,α ≥ ǫ1.
We denote ϕˆs = (σ
−1
s )
∗(ϕs − ρs). After making use of Lemma 7.5 and Lemma 7.6,
we can choose some subsequence of ϕˆs such that
ϕˆs → ϕˆ∞ ∈ Cl for any l ≥ 0 and νω(ϕˆ∞) = 0.
Therefore we have ϕˆ∞ ∈ E0 by Chen-Tian [22]. And then ϕ∞ ∈ E0.
We claim that d(ϕ∞, ρ∞) = 0. Otherwise there is some sufficient large N such
that, for any s > N , the sequence d(ϕs, ρs) = d(ϕs,E0) has positive lower bound.
From the fact that the distance function is at least C1 we have d(ϕ∞,E0) > 0, that
contradicts ϕ∞ ∈ E0.
This claim implies ϕˆ∞ = 0. But (7.7) gives |ϕˆ∞|C2,α ≥ ǫ1 > 0. It is a contradic-
tion. 
Remark 7.2. In fact, we can improve the above conclusion to get
|(σ−1)∗(ϕ− ρ)|Ck,α < ǫ
for any k ≥ 0. Then combining with Theorem 8.1, we can show that the solution
will stay in a small neighborhood and exponentially decay to a unique cscK metric
by directly obtaining the estimate of the solution.
Remark 7.3. We use the theorem of Chen-Tian [22] that the cscK metric is the
global minimizer of the K-energy here. Actually, we only need a local version. I.e.
the cscK metric is the local minimizer of the K-energy. That can be proved by
using the non-negativeness of the hessian of the K-energy and the geometry of the
critical submanifold.
Theorem 7.8. Assume that M admits a cscK metric ω and has nontrivial holo-
morphic vector fields. If |ψ0|C2,α(M) ≤ ǫ0, then there exists a holomorphic transfor-
mation ̺(t) such that ̺(t)∗ωψt stays in a small neighborhood of ω. Moreover, for
any sequence gψti , one can extract a subsequence gψtij such that ̺
∗
jgψtij converges
to a cscK metric.
Proof. According to the short time existence Theorem 5.1, we assume that T is the
first time when the following holds
|ψ|C2,α < ǫ1 on [0, T ) and |ψ(T )|C2,α = ǫ1.
Now there are two cases. If ψ(T ) is a cscK metric, then the flow will stop right at
T and our theorem is proved. Otherwise, we will extend the flow as follows. By
virtue of Theorem 5.38, we obtain the higher order uniform bound of the solutions
|ψ|Ck,α(M) ≤ C(k, ǫ1, g, t0), ∀t ∈ [T −
t0
2
, T +
t0
2
].
So we have ψ(T ) ∈ S.
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Now we firstly choose ǫ0 small enough to guarantee
νω(ψ0) ≤ o.
Since the K-energy is decreasing along the pseudo-Calabi flow, we get so
νω(ψ(T )) ≤ νω(ψ0).
Let σ be the projection of ψ(T ) onto H0. Then due to Lemma 7.7 we obtain
(7.8) |(σ−1)∗(ψ(T )− ρ1)|C2,α < ǫ0.
Next we show the equation is invariant under the holomorphic transformation. By
(7.1), ψ(t)− ρ1 is the solution of
(7.9)
{
∂
∂t
ψ = log
ωnψ+ρ1
ωn
− P (ψ + ρ1)− log
ωn
ψ+ρ1
ωn
+ P (ψ + ρ1),
△ψ+ρ1P (ψ + ρ1) = trψ+ρ1Ric(ω)− S.
Note that ωρ1 is a cscK metric satisfying
(7.10)
{
log
ωnρ1
ωn
= P (ρ1),
△ρ1P (ρ1) = trρ1Ric(ω)− S.
Letting P1(ψ + ρ1) = P (ψ + ρ1)− P (ρ1), we have
△ψ+ρ1P1(ψ + ρ1) = △ψ+ρ1(P (ψ + ρ1)− P (ρ1))
= trψ+ρ1Ric(ω)− S −△ψ+ρ1P (ρ1)
= trψ+ρ1Ric(ωρ1)− S.
From this we obtain new equations from t = T by combining (7.9) and (7.10) so
that ψ(t) − ρ1 satisfies
(7.11)


∂
∂t
ψ = log
ωnψ+ρ1
ωnρ1
− P1(ψ + ρ1)− log ω
n
ψ+ρ1
ωnρ1
+ P1(ψ + ρ1),
△ψ+ρ1P1(ψ + ρ1) = trψ+ρ1Ric(ωρ1)− S.
After taking transformation (σ−1)∗ of (7.11) we have ψ1 = (σ−1)∗(ψ(t)−ρ1) is the
solution of
(7.12)


∂
∂t
ψ1 = log
ωnψ1
ωn
− P1(ψ1)− log
ωnψ1
ωn
+ P1(ψ1),
△ψ1P1(ψ1) = trψ1Ric(ω)− S,
ψ1(0) = ψ(T )(σ)− ρ1,
with (7.8) and
νω(ψ1(0)) ≤ o.
All averages in these equations are taken over M with respect to the metric gψ1
in these equations. Theorem 5.1 implies that (7.12) can be extended beyond T .
Finally since ψ1(T1) ∈ S, we can repeat the same steps as before by induction
till ψs becomes a cscK metric at time T if T < ∞. If not, we deduce that the
pseudo-Calabi flow has long time existence and there is a sequence
ψs(0) = ψ
0
s = (σ
−1
s−1)
∗(ψs−1(Ts−1)− ρs−1)
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such that
|ψ0s |Ck ≤ C(k, ǫ1)∀l ≥ 0,
lim
s→∞
νω(ψ
0
s ) = lim
s→∞
ν(ω, ωψs−1(Ts−1)) = 0.
We further define
ωψ(t) =
s−1∏
i=0
σ∗i ωψs(t) on [
s−1∑
i=0
Ti,
s∑
i=0
Ti).
Then we obtain a solution ψ(t) for all t ≥ 0. In general, for any sequence {ψtj},
there is s such that
∑s−1
i=0 Ti ≤ tj ≤
∑s
i=0 Ti. Furthermore, writing ̺j = (
∏s−1
i=0 σi)
−1,
we have
|̺∗jωψtj − ω|Cα ≤ ǫ1 and |̺∗jωψtj − ω|Ck ≤ C(k, ǫ1).
Therefore all metrics are equivalent and their derivatives are bounded. It follows
that there is a subsequence (with the same notation) of ̺∗jgψtj that converges to a
limit Ka¨hler metric g∞ which may depend on the choice of the sequence. Since the
K-energy is bounded below, we obtain
lim
s→∞
ν(ω, ωψtj ) = 0.
It follows that g∞ is a cscK metric. 
Remark 7.4. Following the same argument in Chen-Tian [21], we can extend the
holomorphic transformation ̺ to each t so that it is Lipschitz continuous in t.
8. Exponential decay of the pseudo-Calabi flow
Recall that ψ(t) is the solution of (7.1) and gφ = ̺
∗gψ is the modified solution
defined in Theorem 7.8. We have already proved that gφ always stays in small
neighborhood of ω and converges to a cscK metric sequently.
Definition 8.1. We call f -tensor the (1, 1) form locally given by f = [Pij¯ + Rij¯ −
Rij¯(ω)]dz
i ∧ dz j¯ = fij¯dzi ∧ dz j¯ .
Since limtj→∞ Stj − S = 0 for arbitrary subsequence {tj}, we have
lim
t→∞
St − S = 0.
Moreover, the uniform bound of |Rm(gφ)|gφ gives rise to the uniform bound of
|Rm(gψ)|gψ . These facts are important to prove the exponential decay of the energy
functionals.
Lemma 8.1. The following formula holds
d
dt
1
V
∫
M
|∇ψ˙|2ωnψ = −2
1
V
∫
M
(Ltψ˙, ψ˙)ω
n
ψ(8.1)
+
1
V
∫
M
(−P ij¯ −Rij¯ +Rij¯(ω))ψ˙iψ˙j¯ωnψ −
1
V
∫
M
|∇ψ˙|2(S − S)ωnψ.
Proof. Differentiating (7.1) with respect to t we have
ψ¨ = △ψψ˙ − P˙ −△ψψ˙ − P˙ .(8.2)
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Then we get
d
dt
|∇ψ˙|2 = f ij¯ψ˙iψ˙j¯ + gij¯ψ ψ¨iψ˙j¯ + gij¯ψ ψ˙iψ¨j¯
= f ij¯ψ˙iψ˙j¯ + g
ij¯
ψ△ψψ˙iψ˙j¯ − gij¯ψ P˙iψ˙j¯ + gij¯ψ ψ˙i△ψψ˙j¯ − gij¯ψ ψ˙iP˙j¯ .
On the other hand since
(△ψψ)i = ψkk¯i = ψk¯ki = ψk¯ik = ψik¯k = △ψψi,
we obtain the Laplacian of |∇ψ˙|2 given by
△ψ|∇ψ˙|2 = Rij¯ ψ˙iψ˙j¯ + gij¯ψ△ψψ˙iψ˙j¯ + gij¯ψ ψ˙i△ψψ˙j¯ + |ψ˙ij |2 + |ψ˙ij¯ |2.
In the following we use the upper index to represent the raise of the index by
means of the metric gψ. Then combining these two identities we have the following
evolution equation,
d
dt
1
V
∫
M
|∇ψ˙|2ωnψ
=
1
V
∫
M
[(f ij¯ −Rij¯)ψ˙iψ˙j¯ − |ψ˙ij |2 − |ψ˙ij¯ |2 − gij¯ψ P˙iψ˙j¯ − gij¯ψ ψ˙iP˙j¯ ]ωnψ
+
1
V
∫
M
|∇ψ˙|2△ψψ˙ωnψ.(8.3)
Differentiating the second equation in (7.1) we get
g
ij¯
ψ P˙ij¯ = g˙
ij¯
ψ (−Pij¯ +Rij¯(ω)) = f ij¯(−Pij¯ +Rij¯(ω)).
So using (3.5) and the fact that −Pij¯ +Rij¯(ω) is a harmonic form, we have
−
∫
M
g
ij¯
ψ P˙iψ˙j¯ω
n
ψ =
∫
M
△ψP˙ ψ˙ωnψ =
∫
M
(f ij¯(−Pij¯ +Rij¯(ω)))ψ˙ωnψ
=
∫
M
((−P ij¯ +Rij¯(ω)))ψ˙iψ˙j¯ωnψ.(8.4)
Combining (8.3), (8.4) with the following equations
fij¯ = Pij¯ − hij¯ and △ψ
∂
∂t
ψ = −△ψf = −(S − S),
we obtain
d
dt
1
V
∫
M
|∇ψ˙|2ωnψ = −
1
V
∫
M
|ψ˙ij |2ωnψ −
1
V
∫
M
|ψ˙ij¯ |2ωnψ
+
1
V
∫
M
(−P ij¯ +Rij¯(ω))ψ˙iψ˙j¯ωnψ −
1
V
∫
M
|∇ψ˙|2(S − S)ωnψ.
Last we insert the Ricci identity, i.e.∫
M
|ψ˙ij¯ |2ωnψ =
∫
M
|ψ˙ij |2ωnψ +
∫
M
Rij¯ψ˙iψ˙j¯ω
n
ψ
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into the above differential inequality and obtain immediately,
d
dt
1
V
∫
M
|∇ψ˙|2ωnψ
= −2 1
V
∫
M
|∇∇ψ˙|2ωnψ +
1
V
∫
M
(−P ij¯ −Rij¯ +Rij¯(ω))ψ˙iψ˙j¯ωnψ
− 1
V
∫
M
|∇ψ˙|2(S − S)ωnψ
= −2 1
V
∫
M
(Ltψ˙, ψ˙)ω
n
ψ −
1
V
∫
M
f ij¯ψ˙iψ˙j¯ω
n
ψ −
1
V
∫
M
|∇ψ˙|2(S − S)ωnψ.

Since gψ converges to a cscK metric, we have that both f and S−S tend to zero.
As a result we deduce that for any small ǫ,
d
dt
1
V
∫
M
|∇ψ˙|2ωnψ ≤ −2
1
V
∫
M
(Ltψ˙, ψ˙)ω
n
ψ + ǫ
1
V
∫
M
|∇ψ˙|2ωnψ.(8.5)
Moreover, the Futaki invariant implies that
0 = F (X) =
∫
M
X(f)ωnψ =
∫
M
(θX(ψ))ifi¯ω
n
ψ
= −
∫
M
θX(ψ)(S − S)ωnψ = −
∫
M
(θX(ψ))iψ˙i¯ω
n
ψ(8.6)
for any X =↑ ∂¯θX ∈ η(M).
Let Lt be the Lichnerowicz operator. It is a positive semidefinite, self-adjoint
operator and Ltψ = 0 if and only if ∇ψ =↑ ∂¯ψ is a holomorphic vector field. We
are going to obtain the first eigenvalue of Lt with regard to the metric gφ(t) first.
We define the set
At = {f ∈ C∞R (M)|
∫
M
fωnφ = 0;∫
M
(θX(φ))ifi¯ω
n
φ = 0, ∀X =↑ ∂¯θX(φ) ∈ η(M)}.
Then (8.6) implies fφ ∈ At for △φfφ = Sφ − S. We further define
λ(φ) = inf
f∈At
{c|
∫
M
|∇∇f |2ωnφ ≥ c
∫
M
|∇f |2ωnφ}
= inf
f∈At
{c|c ≤
∫
M
|∇∇f |2ωnφ ;
∫
M
|∇f |2ωnφ = 1}.
We prove a similar lemma to Chen-Li-Wang [19].
Lemma 8.2. We have the uniform lower bound of the Lichnerowicz operator Lt
i.e.
λ > 0, ∀t ≥ 0.
Proof. We prove the lemma by the contradiction method. If the conclusion fails,
then we can choose a sequence ts such that∫
M
|∇s∇sfs|2ωnφs < λ(φs)
∫
M
|∇sfs|2ωnφs =
1
s
∫
M
|∇sfs|2ωnφs ,
∫
M
fsω
n
φs
= 0
and
∫
M
(θX(φs))i(fs)¯iω
n
φs
= 0, ∀X =↑ ∂¯θX(φs) ∈ η(M).
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We further scale fs such that∫
M
|∇s∇sfs|2ωnφs <
1
s
,
∫
M
|∇fs|2ωnφs = 1,
∫
M
fsω
n
φs
= 0(8.7)
and
∫
M
(θX(φs))i(fs)¯iω
n
φs
= 0, ∀X =↑ ∂¯θX(φs) ∈ η(M).
Recall that Theorem 7.8 gives a subsequence of gφs satisfying
lim
j→∞
g(φ(tsj )) = g(φ∞) in C
l for any l ≥ 0.
Moreover, combining Ricci identity∫
M
|(fs)ij¯ |2ωnφs =
∫
M
|(fs)ij |2ωnφs +
∫
M
Rij¯(fs)i(fs)j¯ω
n
φs
and by the uniform boundness of Ricci curvature we obtain∫
M
|∇∇¯fs|2ωnφs ≤
1
s
+ C(Ric).
This inequality together with (8.7) and the Poincare´ inequality provides a W 2,2-
weak convergent subsequence of fs such that
fs ⇀ f∞ in W 2,2.
In addition, the Sobolev imbedding theorem implies
∇sfs → ∇∞f∞ in L2 and fs → f∞ in L2.
Accordingly, by the assumption we have∫
M
|∇∞∇∞f∞|2ωn∞ ≤ lim inf
s→∞
∫
M
|∇∞∇∞fs|2ωnφ∞(8.8)
≤ C lim inf
s→∞
∫
M
|∇s∇sfs|2ωnφs = 0,
lim
s→∞
∫
M
|∇sfs|2ωnφs =
∫
M
|∇∞f∞|2ωnφ∞ = 1,
lim
s→∞
∫
M
fsω
n
φs
=
∫
M
f∞ωnφ∞ = 0.
On the other hand we turn to the Futaki invariant,
0 =
∫
M
X(fs)ω
n
φs
=
∫
M
(θX(φs))i(fs)¯iω
n
φs
= 0
for any X ∈ η(M, gφ) which implies
0 =
∫
M
X(f∞)ωn∞ =
∫
M
θX(φ∞)if∞ i¯ω
n
∞.(8.9)
after taking limit. Notice that the complex structure is fixed, then we have
η(M, g∞) = η(M, g(φs)).
Together with (8.9) it implies f∞ does not belong to
KerL∞ = {θX(φ∞)|X =↑ ∂¯θX(φ∞) ∈ η(M, g∞);
∫
M
θX(φ∞)ωnφ∞ = 0}.
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Consequently, we have∫
M
|∇∞∇∞f∞|2ωn∞ > λ
∫
M
|∇∞f∞|2ωn∞ = λ > 0.(8.10)
That contradicts to (8.8) and the lemma follows. 
Since the eigenvalue λ is invariant under the holomorphic transformation, we
obtain the uniform positive lower bound of the first eigenvalue of g(ψ(t)). Therefore
Lemma 8.2 immediately implies∫
M
ψ˙Ltψ˙ω
n
ψ ≥ λ
∫
M
|ψ˙|2ωnψ.
Substituting this inequality into (8.5), by the Gronwall’s inequality we obtain the
exponential decay of the energy µ1,
µ1(t) =
1
V
∫
M
|∇ψ˙|2ωnψ ≤ µ1(0)e−θt.(8.11)
Moreover the inequality (8.11) together with the Poincare´ inequality and the nor-
malization condition ∫
M
∂tϕω
n
ϕ = 0,
implies
µ0(t) =
1
V
∫
M
|ψ˙|2ωnψ ≤ µ0(0)e−θt.(8.12)
Furthermore, we can control the evolution of µl(t) =
1
V
∫
M
|∇lψ˙|2ωnψ by the follow-
ing lemma.
Lemma 8.3. For any l ≥ 2 the following inequality holds
∂tµl(t) ≤ Cµ0(t).
Proof. We prove this lemma in real coordinates. Let I = (i1, · · · , il), J = (j1, · · · , jl)
and gIJ = gi1j1 · · · giljl . Differentiating |∇lψ˙|2 with respect to t and using (8.2),
we get
d
dt
|∇lψ˙|2 =
∑
gi1j1 · · · fpq · · · giljlψ˙i1,··· ,p,··· ,ilψ˙j1,··· ,q,··· ,jl
+ gIJψ ψ¨I ψ˙J + g
IJ
ψ ψ˙I ψ¨J
=
∑
gi1j1 · · · fpq · · · giljlψ˙i1,··· ,p,··· ,ilψ˙j1,··· ,q,··· ,jl
+ gIJψ (△ψψ˙)I ψ˙J − gIJψ P˙I ψ˙J + gIJψ ψ˙I(△ψψ˙)J − gIJψ ψ˙I P˙J .
Meanwhile, a standard computation gives
△ψ|∇lψ˙|2 = Rm ∗ ∇lψ˙ ∗ ∇lψ˙ + gIJψ (△ψψ˙)I ψ˙J + gIJψ ψ˙I(△ψψ˙)J + |∇l+1ψ˙ij |2.
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Combining these two equalities, we obtain
∂t
1
V
∫
M
|∇lψ˙|2ωnψ =
1
V
∫
M
[
∑
gi1j1 · · · fpq · · · giljlψ˙i1,··· ,p,··· ,ilψ˙j1,··· ,q,··· ,jl
− gIJψ P˙I ψ˙J − gIJψ ψ˙I P˙J −Rm ∗ ∇lψ˙ ∗ ∇lψ˙ − |∇l+1ψ˙ij |2]ωnψ
+
1
V
∫
M
|∇lψ˙|2△ψψ˙ωnψ
≤ Cµl(t)− µl+1(t)
≤ C(ǫ)µ1(t) + (Cǫ − 1)µl+1(t).
The last inequality holds by the interpolation inequality. Then the lemma follows
by (8.11) when we choose ǫ to be small enough. 
Together with (8.12) Lemma 8.3 implies
1
V
∫
M
|∇lψ˙|2ωnψ ≤ µl(0)e−θt
for l ≥ 0 by the Gronwall’s inequality again. Since all ̺∗tωψt are equivalent and the
Sobolev constant and the Poincare´ constant are invariant under the holomorphic
transformations, we deduce that ωψt has uniform Sobolev constant and Poincare´
constant. The Sobolev imbedding theorem implies
|ψ˙|Cl(gψ) ≤ Ce−θt.(8.13)
In view of the identity
ψ(t) = ψ(0) +
∫ 1
0
ψ˙dt,
we have
|ψ(t)|C0 ≤ |ψ(0)|C0 + Ce−θt.
Now note that the potential and the Ricci curvature are uniformly bounded
C1ωψ ≤ Ricψ ≤ C2ωψ.
According to Chen-He’s compactness theorem [18], we obtain |ψ|2,α is uniformly
bounded. Moreover the higher order bound follows from Theorem 5.38. Conse-
quently, (8.13) gives rise to
|ψ − ψ∞|Cl(g∞) ≤ Cle−θt.
Hence combining with Theorem 7.3 and Theorem 7.8, we obtain the following
stability theorem.
Theorem 8.4. For each Ka¨hler class which admits a cscK metric ω, there exits
a small constant ǫ0 such that, if |ϕ0|C2,α(M) ≤ ǫ0, then the solution to the pseudo-
Calabi flow exists for all times and converges exponentially fast to a unique cscK
metric nearby in the Ka¨hler class [ω].
An immediate corollary is
Corollary 8.5. If the pseudo-Calabi flow converges to a cscK metric by passing to
a subsequence if necessary, then the limit cscK metric (depends on the subsequence)
must be unique.
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Remark 8.1. We hope our method of proving the stability problem may be useful in
other geometric flow problems. Since the pseudo-Calabi flow is just the Ka¨hler-Ricci
flow in the canonical class. By using the similar technique of the pseudo-Calabi flow,
we shall prove the stability of the Ka¨hler-Ricci flow near a Ka¨hler-Ricci soliton in
the subsequent paper [56]. Meanwhile, we prove the stability of the Calabi flow
near an extremal metric in [38].
9. Further remarks and problems
A Chen’s conjecture [14] says that
Conjecture 9.1. (Chen [14]) A global C1,1 K-energy minimizer in any Ka¨hler
class must be smooth.
This conjecture has been proved in the canonical Ka¨hler class via the weak
Ka¨hler-Ricci flow [15][22][23][51]. In general Ka¨hler class, the conjecture will be
verified if one proves the following question:
Question 9.2. (Chen [13]) Can the pseudo-Calabi flow start from a C1,1 Ka¨hler
potential?
In Subsection 5.5, we have obtained a partial estimate related to this conjecture.
In the subsequent paper, we will relax the regularity of the initial Ka¨hler potential.
As we have proved, the pseudo-Calabi flow shares some properties with the
Calabi flow; recall for instance Theorem 2.2. However, even in the canonical class
C1(M), they are extremely different. Within C1(M) the pseudo-Calabi flow is
precisely the Ka¨hler-Ricci flow. The Ka¨hler-Ricci flow has many properties such as
the long time existence [8] and the Perelman’s estimate [47]. Chen-Tian proved the
convergence of the Ka¨hler-Ricci flow on Ka¨hler-Einstein manifolds [20][21]. Later
Zhu [53] extended their theorems to the Ka¨hler manifolds which admit a Ka¨hler-
Ricci soliton. One may ask if the pseudo-Calabi flow inherits these fine properties
of the Ka¨hler-Ricci flow.
Conjecture 9.3. (Chen [13]) The pseudo-Calabi flow has long time existence.
There is a conjecture in [14] saying
Conjecture 9.4. (Chen [14]) The existence of cscK metrics implies that the K-
energy is proper in the sense that it bounds the geodesic distance.
Inspired from this conjecture, one may generalize Theorem 2.3 to the following
question.
Question 9.5. (Chen [13]) On Ka¨hler manifolds admit a cscK metric, does the
pseudo-Calabi flow converge to a cscK metric?
Note that Lemma 7.4 provides a method to control the norm of the potential by
its geodesic distance in the critical submanifold.
Recently, Donaldson [31][30][29][28] proved the following theorem.
Theorem 9.6. (Donaldson [31]) If a polarized complex toric surface with zero
Futaki invariant is K-stable, then it admits a cscK metric.
Following the same line of Donaldson’s theorem, one may ask
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Question 9.7. (Chen [13]) Let M be a polarized complex toric surface with zero
Futaki invariant. If M is K-stable, does the pseudo-Calabi flow converge to a cscK
metric up to holomorphic diffeomorphisms?
Actually, according to Theorem 2.3 the convergence up to holomorphic diffeo-
morphisms in Question 9.7 implies the exponential convergence.
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